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@ Conditional Expectation: Given An Event
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Conditional PMF

@ Let A be an event with positive probability. If X is a discrete
r.v., then the conditional PMF of X given A is
T
P{X =x}nA)
P = P(X =x|A) =
X|A(X) ( X| ) P(A)
- ~—

@ Bayes' Rule:

P(AIX = x)P(X = x)

PX|A(X) = P(X = X|A) = P(A)

@ LOTP: with a partition Ay, ..., A,, each A; with a positive
probability P(A;) >0,i=1,2,... n

P(X = x) = Z Px|a,(x)P(A).

Ziyu Shao (ShanghaiTech) Lecture 8: Conditional Expectation December 10, 2024 4/62



Conditional PDF

-

@ Let A be an event with positive probability. If X is a continuous
r.v., then the conditional PDF of X given A is

fxja(x) = (P(X < x]A))".

@ LOTP: with a partition Ay,...,A,, each A; with a positive
probability P(A;) >0, i=1,2,...,n:

fx(x) = ZP(Ai)fXM,-(X)-
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Conditional PDF

@ Bayes' Rule: given an event A with P(A) > 0, then

fxja(x) = % - x(x).

@ Bayes' Rule: given event A= "a < X < b" and P(A) > 0, then

Leeps
faalx) = ol - f(x)

P(A)
3G fasx<b
0 otherwise
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Conditional Expectation Given An Event

Definition
Let A be an event with positive probability. If Y is a discrete r.v.,
then the conditional expectation of Y given A is

E(Y|A):Z@P (Y =yl|A) = Z}/ Pyia(y

y —_—

where the sum is over the support of Y. If Y is a continuous r.v.
with PDF f, then
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LOTUS Given An Event

Definition
Let A be an event with positive probability and g is a function from
R to R. If Y is a discrete r.v., then the conditional expectation of

g(Y) given A is
E(g(Y)A) = Zé(y)k Pyia(y),

where the sum is over the support of Y.
If Y is a continuous r.v. with PDF f, then

EaA) = [ g frnt)
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Motivation of Conditional Expectation

e Conditional expectation is a_powerful tool for calculating

expectations: first-step analysis

e Conditional expectation allows us to predict or estimate
unknowns based on_whatever evidence is currently available.

e Conditional Expectation given an event: f(Y|A)

e Conditional Expectation given a random variable: [E(Y|X)
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Life Expectancy
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Conditional Expectation Given An R.V.

40 = ETT/ X= x_] (€al Numie, Lstimate.
3(90 = E(Tlx] R.Y. €stimaton.

Definition

Let g(x) = E(Y|X =x). Then the conditional expectation of Y
given X, denoted , is defined to be the random variable
gZX). In other words;7if after doing the experiment X crystallizes

into x, then E(Y|X) crystallizes into g(x).

fﬂwt O ntpat
— | | —

X gox)
®.

19

Lecture 8: Conditional Expectation December 10, 2024

Ziyu Shao (ShanghaiTech)

16 /62



Remark

e E(Y|X) is a function of X, and it is a random variable.
@ It makes sense to computer E(E(Y|X)) and Var(E(Y|X)).
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@

Example: Stick Length ~ §—— =~
D X~ @ Y (Xex ~ unfo,x) = Efl]= T
el [x]=gx) = % 9.

@ tleyd] =e(F) =3 e6J=2-3 <%
Suppose we have a stick of length 1 and break the stick at a point X
chosen uniformly at random. Given that )i/:\/@ we then choose

another breakpoint Y uniformly on the interval [0,x]. Find E(Y|X),
and its mean and variance. S

VM(E(‘(NJJ :Uar/ﬁi) = 74!:Uw (x) = 7,{‘7; = 7{;‘

Find ETY(x] > O 9= Ef(xx]

Q@ do/ —4 %) =Evx]
K=
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Dropping What's Independent

Theorem
If X and Y are independent, then(E(Y|X))= E(Y). J

d0x) = EOY|=x] = EOY] . v .

= §(x) = Ey)

=60x)- £ry)
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Taking Out What's Known
ID . 9x) = E(h (’X)]’) Q(Z%J = ‘Eff&‘\) T/Q(ij

=ho) BTy [%ex ]

8 (X) = hix) Ey(x]
Theorem N
For any function ﬁ /

E(EX)YIX) = h(X) X)E(YIX).
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Linearity

Theorem

d09 = EThm [xex] =ETv Dxex) +£00/%x]

=) J(X) = B0 [x] + eTn(x]
E(Y1 + Y2|X) = E(Y1|X) + E(Y2|X).
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Example ° 8y . Elalsa) = Dels.] = =60 x5, ]

2 By Lincery EOaln ] + EDg) ST - 427 Xals, )

-

SECK +xat-t X, (5, ]

9s) = E(S, (fn:}] =<

Y(S)=£6, ) TE(Sa(sa] =5,
Let Xi,...,X, beiid., and S5, =X; +--- . Find E(X1|S,).
—_— —
L O nE&] =S,

2 Bl J- g,
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Adam’s Law

The Lav of ltercted Expectotion

The Tower Rale

TA{ «S-Maoﬁnka/ Theom,.

Theorem

W4L| 0!6"
For any rv.s X and Y,

X gnd 7( are both disopte rug
(°ogux)= ETY/XJ ;809 = ETY [ X=x]

@(QMX) @,z ~(F - Py

LH.( QH
e EIE(Y\X]J = Efﬁ(X)J g

%— _\M)-P(O(:x)
T RGN = 5 (3l ) oo ]
= SY.Py) = E R PO, o)
Z— J RH
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Adam’s Law with Extra Conditioning

fidim's Law - ECENYDD ]= ETY)
Vay
Theorem E VT;M@J: £y )
For any rv.s X, Y, Z, we have y
/ “evlz)

E(E(Y|X,2)|2) = E(Y|2) ———

-

E(EXIZV)IY) = EXIY)  %2y/x)

=E(y[x.2)

- ——
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Conditional Variance . Ver(y) = EL (y-E0))*]
A
E(-) =e([x)

5 on0 =) =i 7 2
Definition o¥(x) i [(Y’fﬁf}) J
The conditional variance of Y given X is /

This is equivalent to
Var (Y1) ~€ (Y2p)- (Y1)
e
v )= @) - 9ty

Var (y| x) “Eq) ’@Uf
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Eve's law

Theorem
For any rv.s X and Y,

Var (Y) = E (Var (Y|X)) + Var (E (Y|X))..

The ordering of E's and Var's on the right-hand side spells EVVE,
whence the name Eve's law. Eve's law is also known as the Taw of
total variance or the variance decomposition formula.
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N Xy e,

Example: Random Sum
O EX) - E(xIN=n] =F[ é’%‘/mnj =l f:x/ oy
> e ]=zan)< Hn “E[E% ] = Zebe) = nk =90

—_—

=) Elx] = ELEXK]] = E[N-R] < p B8]

A store receives N customers in a day, where N is an r.v. with finite
mean and variance. Let X; be the amount spent by the jth customer
at the_store. Assume that each X; has mea and variance ¢4, and
that N and all the X; are independent of one another. Find the mean
which is the store’s

and variance of the random sum =1 X
total revenue in a day, in terms of u, 0%, E(N), and Var(N).
—_—r

A/ n
@VW(‘X/N:H) = Var ( %%‘(N:n) :Ua«r(?;—,%” In=n )

n
,UW(JZ:‘-’X)‘) =l é\/w()(f) - no’l

= _ 2
Uar (XIN) = N.o*.
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Solution 0, )

Evgs taw

Var () = ELVoartXinD ] + Var (E0xm) ]
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Basic Problem ?247 (%)

@ Estimate Y from the observed value X
o Choose the estimator (inference function @to minimize the

expected error E(c(Y, g(X)))

e (Y, Y) is the cost of guessmg@Nhen the actually value is Y.

e When c(Y,Y) = ||Y — Y]], the best guess is called “the least
square estimate (LSE)" estimate of Y given X.
o Further, if the function g(+) is restricted to be linear, i.e., of the

g\7) 15 restricted to bE linear,
form a/i/b\)& it is called “the Linear Least Square Estimate
(LLSE)" "estimate of Y given X

(\'\—\ . - - - -
@ Further, if the function g(-) can be arbitrary, it is called “the

Minimum Mean Square Estimate (MMSE)" estimate of Y given
X.
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Linear Least Square Estimate

) f(a/b) = E((f-a-bx)*) = @ +ETYJTblE[XJ—2aFfY_)+ZaAET>O
2. ofws)

e —

>~ T2a-2E) T26EW) =0 = cwbz,:r,(}

Theorem
&etﬁ'ear Least Square Estimate (LLSE) of Y given X, denoted by
LIY|X

is the linear function a a+ bX bX that minimizes
E[(Y —a— bX)?]. In fact,

L[Y|X] = {Ca(rxv X - ;

2°  odaw i | =
> b =le(K‘)+MF(K)-JE&O =) M)

—~H Ery®
| J
| = Fx
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=> b= Covy/ o lovar)
Proof b= 2 s E) - RS g
=IO = a+b X = Loveay)
_,j _[YJ/T Veriny L X—E]

o fus) -
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_ 0
-
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— T e
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\
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Data-Driven LLSE: Linear Regression L4y

o LIY|X] = E(Y) + &7 (X — E(X))
@ Now we only have k i.i.d samples: (X1, Y1), ..., (Xk, Yk)

@ Use sample mean to replace expectation
~—— .

E < S omple mem,

—_——
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Y=o, [X+Ja<;
Data-Driven LLSE: Linear Regression . —————
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R
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Minimum Mean Square Error Estimator

LLSE . min EL-T)%] , T eatex DPF
r -'Lfrl)(}
MAUSE - TN ECe ) A
- 0 (Y )9(K) ek
Theorem 4 O""“ 2y = Efy/x]

The MMSE of Y given X is given by

£00) (E1Y1X])
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ExY< =0

Geometric Perspective of Conditional Expectation
(D inner pobact, <x,¥> =EGy) Xl = o> =Jey

tg . XY ‘ drst ¢ T . —
ixalai(” ’ %Y/ JO(‘Y/ YD ‘A/E((x—ﬂ’)
@) X and Y are Ye @ @iy =Exr) ~Eo) . )
L orthogonal r?e <xYJzo *E"‘):" Ty EY)zo or kot
et —
) EC)(.Y):O ;X J__T Y—E(YlX) = OV (x, Y) :EO(»Y)
= U =
firetated <=) ayfh%c

i G SO vy
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X
T )0 e | IR

@ projectig, ® ‘
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Projection Interpretation - E(Y=d1x) ] = 0] ~&0ain)

TEN - ey ]
VYD h69) < ECevasmng
Theorem b

& whed <) Ortho yona( .
For any function h, the r.v. FY — E(Y|X? is uncorrelated with h(X).
Equivalently,

E((Y — E(YIX))h(X)) =0,

(This is equivalent since E(Y — E(Y|X)) = 0, by linearity and
Adam’s law.)

e
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Proof Y- E¥(x] Lhix)
< F[ (Y.zmx_])-'h{xzj -0

)\

EL Y ho) - hod ey ]

SE( Yhoo) = ET ho-e0nid |

SEVho] ~ ELECh) Y [X]]

L‘}A%t
_ E(Y-th)J — E[h(x)-yj > b
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. : - ~ T

Prediction Pe;spectlve EL(-EGid)* ] < ET(r-guy’
P
— g )
m £l m -

/ — o Flrgsr ] 2%

@ Predict or estimate the future observations or unknown _ 5Ty
parameters based on data v X]

° ELX is our best predlctor f Y/based ¢n X. )

@ Best means it is the functlon of with the lowest mean
squared error (expected squared difference between Y and
‘—’_“’./
prediction of Y).

o It is called the Minimum Mean Square Estimate (MMSE)
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Proof 77 estmter of ¥ bedon X (T-9(%))

E(¢ Y-’yf] = ET(Y~9(><))‘] ;-9 = Y—E0Ix] teiv) 90

i ) A+ g
2% Elo- g0 ) = ET(A8*) = £TA? ) + 260a8) tE03%)

= Ef(*(-ETle])lj +E(@(Y(x].j(w‘j + .
2EL (v-elvK]) (0] -9 |

0 hed) 2 Eylx] 'J(X) ;- EG’/Y] L hoe) => BUFEGI) -hiv))

= E[ g wf] = E( et ¢ ET@(‘M@@‘]

— —
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st ey, Bkl ) +d5't (30x), ECvixd)
= dt’ey, 500)

7 Blatr) = 60900t )

= E((y- Efr(x])lj + E[@(Y/x)ﬂzx/fj

7 ElY-£t1x) )
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MMSE for Jointly Normal Random Variables

7 — = [Y\Y)
Eirhx])-EQ] = LT g
J ] Jaroe) (X-E&) )
/- Lovixy ) vy
Theorem W o 5y

Let L@ gg Jointly Normal random variables. Then
ox* AMST LLSE

E[Y|X] = L[Y|X] = E(Y) + %(x — E(X)).

Poxsy
s ((FER) X 2 ey hegny
Y2 OhdY ho
X—ETXJ =) to—'X
/\—\_,——,

o E)-ETY)

A
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Porrantls heisnt

Remark: Statistical Learning Perspectlve @

X~ EFX) 2TOX Yr Chrld s beishy
/____/-\_/—\ 74‘94(

-  EU)-ENY) /T .
Z o =§0t;2 @ - =EUN)EY ) < oy
@ In general, MK?TSE is a highly nonlinear function.

@ Adoption of various approximation methods leads to various
learning methods

W) = a+bx Vs Vexy, m
» Linear regression J — Gres owends (e,
» Logistic regression Ji0 =
Eix=
=9y

» Polynomial regressio
re@feg,‘gh ﬁmaﬁbn

£ gUr

+ Regression with Spline function

eural networ 7"‘/
pﬂemse y"
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Outline

0 Application Case: Kalman Filter
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Milestones in Statistics & Signal Processing

@ 1960: Rudoph Emil Kalman (1930-2016) introduced what is
known as Kalman filter.
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Widely Applications: Location & Navigation &
Map Building

GARMIN
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Widely Applications: Radar Tracking
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Widely Applications: Human Face & Eye
Detection Autofocus
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Widely Applications: Animal Eye Detection
Autofocus

Ziyu Shao (ShanghaiTech) Lecture 8: Conditional Expectation December 10, 2024 57 /62



Essence of Kalman Filter ( mpmse )

~ —
N2 ladex afth@
. Prediction step )
Prior knowledge Pr_1jk-1 _ L
of state —> }A(kfl:kfl —> Based on e.g. Mj‘,— 7 (Z{,d- +Xn)

physical model

. \ | oline

Next timestep li)k|k—1
SA (E )A Bkl Xelk—1 NMA =+ + X0y 1 %,
\ VI/H = (-(§ N S”VI«( T ¢ :CA‘I/M,',/ ‘-[‘\(
P K|k Update step Measurements

-— Compare prediction -—

- X
T L« Y, klk to measurements e | -

Output estimate .
5 of state = Mn = 6(7’7\?)@ + 7L QM)
C?}I( ‘ne

—_——
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Reasons for Popularity of Kalman Filter

@ Good results in practice due to optimality and structure: LLSE

esz, MMSE estimation under the setting of
Gaussian noise. \ ’

@ Convenient form for online real time processing: recursive
equations.

—_—

e Easy to formulate and implement given a basic understanding.
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Why Use The Word “Filter”

@ The process of finding the “best estimate” from noisy data
g . w i ————
amounts to “filtering out” the noise. -

e Estimation (statistical perspective) vs. Filtering (signal
processing perspective)

@ A Kalman filter not only cleans up the data measurements

@ A Kalman filter also projects these measurements onto the state
estimate
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Summary 1

joint CDF F(x,y)
joint PMF P(X =x, Y =)
joint PDF f{x.y)
joint MGF M(s.1)

Ziyu Shao (ShanghaiTech)

generate

What can
happen?

random variables events

condition on event
X=x

&

*A’T UO UOIIPUOD ~

L

E(Y1X) variance
(function of X)
Var(Y1X) expectation
(function of X)
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(between group variation)

(within group variation)

Var(¥) = E(Var(Y | X)) + Var(E(Y | X))

numbers

E(YI1X=x)
(function of x)

EEY1X)=EY)
(Adam's law)

Var(E(Y1X))

E(Var(Y1X))

(Eve's law)
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