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Motivation |

If you can not calculate a probability or expectation exactly, then you
have three powerful strategies:
QDO Simulations using Monte Carlo Methods

—

(®»e Approximations using limiting theorems
» Poisson approximation: The Law of Small Numbers

> SamMThe Law of Large Numbers
» Normal approximatic apprOX|mat|on The Cen/t@/@@m

@o Bounds (upper and lower bounds) on probability using
e e T TR

inequalities.
-
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Monte Carlo Methods

@ One of the top ten algorithms for science and engineering in
—
20th century

@ Monte Carlo Methods, Simplex Method, Fast Fourier Transform,
Quicksort, QR Algorithm...

—_ —
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Widely Applications

Monte Carlo methods have been used in various tasks, including

@ Sampling from the underlying probability distribution f(x) and
simulating a random system

@ Sampling from posterior distribution for bayesian inference
sterior distribution for bayesian inference
@ Estimation through numerical integration

° kOptimizing a target function to find its maxima or minima
—
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Classical Example: Estimation of 7

n=r+b=200
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Classical Example: Estimation of

r = 3146
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Classical Example: Estimation of

r=5196
rE e n=r+b=6600

b = 1404
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History
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Monte Carlo Methods

@ Basic Monte Carlo methods: formally proposed by Stanislaw
Ulam & John Von Neumann in 1940s at Los Alamos National
Lab (Named after a casino in Monaco)
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Monte Carlo Trolley

@ Analog computer invented by Enrico Fermi in 1946

Ziyu Shao (ShanghaiTech) Lecture 7: Monte Carlo Methods December 3, 2024 13 /88



Markov Chain Monte Carlo Methods

@ Metropolis-Hastings Algorithm: formally proposed by Nicholas
Metropolis et al in 1950s at Los Alamos National Lab, then
extended in 1970 by Wilfred Keith Hastings

Ziyu Shao (ShanghaiTech) Lecture 7: Monte Carlo Methods December 3, 2024 14 /88



Markov Chain Monte Carlo Methods

@ Gibbs Sampling Algorithm: proposed in 1984 by brothers Stuart
Geman (1949-) and Donald Geman (1943-).

@ Gibbs sampling is named after the physicist Josiah Willard Gibbs
(1839-1903), in reference to an analogy between the sampling
algorithm and statistical physics.
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Outline

© Sampling: Random Variable Generation
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Randomness Generation

e Earlier days: manual techniques including coin flipping, dice
ralling, card shuffling, and roulette spinning

o Early days: physical devicesming noise diodes and Geiger
counters (https://github.com/nategri/chernobyl_dice)
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Randomness Generation

@ The prevailing belief: onIy mechanical or electronic devices could
D —
produce tI’UIy random sequences

@ The hook: A Million Random Digits With 100,000 Normal

Deviates (based on(Uranium radiation)

e Current days: computer simulgt/icmv@e\tg@mc’
algorithms, also called pseudorandom number generator

<—/ /\/\/} B
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Sampling

@ Assuming an algorithm is available for generating
random numbers

@ Two elementary methods for generating random variables (or
samples)
» Inverse-transform method; operates on the CDF

» The acceptance-rejection methoa:opera\_me PDF (or
PMF) - T
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Inverse Transform Method

@ Given a Unif(0, 1) r.v., we can construct an r.v. with any
continuous distribution we want.

w . .
o Conversely, given an r.v. with an arbitrary continuous
— e e e

distribution, we can create a Unif(0, 1) r.v.

——————
@ Other names:

v

probability integral transform

inverse transform sampling

the quantile transformation

the fundamental theorem of simulation

v

v

v
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Inverse Transform Method: Recall
/\’——

Theorem

Let F be a CDF which is a continuous function and strictly increasing

on the ,ﬁ of the distribution. This ensures that the inverse

functio xists, as a function from (0,1) to R. We then have the
following results.

Q Let U~ Unif (0,1) and X Then X is an r.v. with
CDF F.

@ Let X be an r.v. with CDF F. Then F (X) ~ Unif (0,1).
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N
Algorithm Inverse-Transform Method: (PDF;)ase
input: Cumulative distribution function F.
output: Random variable X distributed according to F.

1: Generate U from Unif(0, 1).
2. X+ FY(U

3: return X
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Histogram & PDF: Example
Gogramotu

- ™
if(0,1) PDF \

\
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Histogram of log(u/(1-u))

Logistic PDF

\
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Box-Muller Method: Recall '~ % 7%z

=22 U,,,f;o‘//
Let U ~ Unif(0,27), and letl T~ Expo(1)be independent of U.
Define X = V2T cosU and Y = V2T sin U. Then X and Y are
independent, and their marginal distributions are standard normal
distribution. > W f\'wmfm,l)

U=224U,
Algorithm Normal Random Variable Generation: Box-Muller Ap-

proach
output: Independent standard normal random variables X and Y.
1: Generate two independent random variables, U; and U,, from

Unlf(O ;)o T ~ E)(Pa Ll)

2: X ¢ /2 cog(2m on

3 Y < 12 sin(2r Uy of 7 Frets= ket oo

4: return X, Y 2D E" ) —wcel-uw)
Lt~ afay ’ O<us<| -
U~ undw.y
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Acceptance-Rejection Method XeTon). - s
(3) Aept Rule - Lf Zefor) | Mt (7,2). __:L_ 52 SF o
Red(A) fof(ndx=‘ 5

b ¢t e T
fouz)e S g 17 AreacPed) - |

Bsgsﬁ—y)} 2?: /,/ / J

@) Rd) M & ‘
! L ~ N\ >@/Lum7fw,c_)_

’JC\(*,;*‘ \y2/ a T fuy) D
S E— -
= A(UCQ&A) :‘ ‘;‘:’7 'J[\(*‘y) "L {mﬂ(%?}d? P 05556

Algorithm Acceptance-Rejection Algorithm - [fw)
Jo %

Step 1: Generate Y ~ Unif(a, b). ‘

Step 2: Generate Z ~ Unif(0,¢). ﬂ s HEY<h
Step 3: If Z < f(Y), set X = Y. Otherwise go back to step 1.
B ¥

b " C = Ore (R,
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. . I/ x€Tab) . + desied.
Acceptance-Rejection Method O X€Tt] . por f
@ Yag , Z2ausg o, (1)) ﬁ‘@ $(x) = C-g0c) 2 fux).

e s fuy) fay i)
= 319) " gy = ‘Z = Grenl Tr)” A'ru ( P&c‘) = {

@’ (\(/“ ?)p ) / AN -y = jjb Ei0dy
CRIA) Aanf(A)  fppptS2) = 2

aengiey) = | _

_ (4
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=) Cz sap fy
X Hg M)

—_—

A’Vea ( Tb‘njvle/

Algorithm Acceptance-Rejection Algorithm

Jall
\C d - N
Step 1: Generate Y ~g. . Mﬁ. ¢ I@
Step 2: Generate(Z /~ Unif(0, c - g(Y)).
Step 3: If Z < f(Y), set X = Y. Otherwise go back to step 1.

Uwf(o, C‘j(‘f)) gf(y) & (9ur) Undfeo,1) <fiv) C >
<) [}M‘fﬂ’)l‘/ g_ﬂﬂ_ '-—‘L’—
2 —Coul
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Acceptance-Rejection Method £
Sapport &7,

@ Suppose one can generate samples (relatively easily) frgrp‘P_QF_g

@ How can random samples be simulated from PDF f?

Algorithm Acceptance-Rejection Algorithm

Let ¢ denote a constant such that&ﬂL_Then
Step 1: Generate X_A_JQ @

Step 2: Generate U~ Unif(0,1).-
Step 3: If U < (\2), set X = Y. Otherwise go back to step 1.

e
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Acceptance-Rejection I\/Iezhod@ oo

o Tonta,

@> @ NaTse)

g Ppuk)- &
EU\J/:#:

(i) The random variable/generated by the Acceptance-Rejection
method has the desired PDF f.

(ii) The number of iterations of the algorithm that are needed is a
first-success random variable with mean c.
ine=y

(iii) ¢ > 1
V4

Theorem
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Example: Beta Distribution

@ An r.v. X is said to have the Beta distribution with parameters

aand b, a>0and b >0, if its PDF is o=l b=/
1
Flx)=——x"11-x)"1, 0<x<1,
T

where the constant 3(a, b) is chosen to make the PDF integrate
to 1. We write this as X ~ Beta(a, b).

@ Beta distribution is a generalization of uniform distribution.
iniform distribution.

@ Use the Acceptance-Rejectio hod to generate a random
variable with distribution/Beta(2, 4)
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. . . n o, (-20 420
Example: Normal Distribution O 2ane, )

CPUXSx) = PURIO) = 5p(peg,)
2 x"'; 29z
- J; G € ¥ e = ']pxtx/: EF‘J'XI , o<x<o0

S J n Expo (L) . 9) =X

= (%l (0, +ea)

, 9<X<ceo

@ Use the Acceptance-Rejection Method to generate a random
variable with distribution N(0,1)

C 2 - — —=
S\;lP ]tyj = 5%? J e 2y :\/% L/%il)

Choige C:’,:Zf_
:) JI(_Y_/— /ty‘y_} e'%‘%yl

C\Ju// = €
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Solution ®

Sfcr ‘ K Y n~ E)(Pa(l)
22 Un M'\"fmu/
3=

|
Lf U < e‘:(Y'-’}Z

st X=Y
Otherwse  fetmn 4o Step (.
|
Step 4 - U A unrfww
EOX‘M ulles

QA/P X Fou'cd
v-s.

M(Cﬁ“‘& - Pq‘ecw
PNS / Cong.
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Outline

© Monte Carlo Integration

_\//"
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.  EX) A
x(/ "Yﬂ N bl)/\ /l‘XH’-vf)(,,)

Monte Carlo Integration

@ We can use the sample mean to approximate the expectation:

@ Drawing n samples (empirical samples) from Unif(a, b):
Xi, X, ..y Xo ~ Unif(a, ).~ EC500)]

@ Monte Carlo Integration: 2 (o) - Zﬂ e

L/I

b
/ §2g<x o) K iy
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Monte Carlo Integration
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Example: 7 as An Integration

Evaluate the integration

1
4
/ dx.
o 14+ x?

0 g(x)=4/(1+x?),0<x< 1.

@ Xi,...,X,: samples from Unif(0, 1).
P

@ Monte Carlo Integration:

1
4
/—dxw

o 14+ x?
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Example
Evaluate the integration

/04\/x+\/x—|—\/x+\/>_<dx.
@ Corresponding
g(x) =X/x+\/x—|—\/x—|—\/>_<.

@ Xi,...,X,: samples from Unif(0, 4).

@ Monte Carlo Integrations — —

/04\/x+\/x+\/x+\/}dxm%i\/x,-+\/X,-+\/X,-+\/)_<,
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Example: Area of Batman Curve

@ Challenging and Fun

@ https://mathworld.wolfram.com/BatmanCurve.html
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Example: Estimation of Probability

@ Indicator: bridge between expectation and probability

@ Given event A:

1 ifxeA
/A(X) = — i .
——— |0 Otherwise

@ For random variable X:

P(X€A) =1-P(X€A +0-P(X ¢ A)
T HEX))

1 n
zEZ/A(Xi). K NX
=1
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denemte

Example: Estimation of 7 © " P> o
@ e%_t A‘: :(\
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Useful Tools: Importance Sampling

@ Standard Monte Carlo integration is great if you can sample

from the target distribution (i.e. the desired distribution)
@ But what if you can't le from the target?

e Importance Sampling: draw the sample from a
distribution and re-weight the integral using importance weights
so that the correct distribution is targeted
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Importance Sampling

H = E[h(Y / Ody

—_—————

@ his some function and f is the PDF of random variablg@
@ When the PDF f is difficult to sample from, importance

sampllng can be used

@ Rather than sampling from f , you specify a different PDK g) as
the proposal distribution.

/h(y)f(y)dy/@/_)y/dy
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Importance Sampling

H = Ef[h(Y)] = /Z@(y)dy B E‘g {]

@ Hence, given an iid sample Yi,..., Y, from PDF g, our
estimator of H becomes ~— ——

A
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Example: Gaussian Tail Probability

phechod |- C=POY>3) <E[11r>3)]

e

) N
*h ;1()’572)

Y,
[ Yn A
7[(\ Ut(Oy9> f
hty)= 119>3)

=T =153,
2 f] it
Evaluate the probability of rare eventT="P(Y > 8), where e ou,,

Se .
Y ~ N(0O,1).
( ) ) Methed 5 » choose ‘ﬁaN(& 1), Y ,\?
C < hiyy )m e
A ﬂ JZ / l - I(Y) )g) ) (=4 40
o) N T
~205-8)2
e -85 22 =e
N Jzy 773 ) €
N2Coooo ,  CA Garx(p®
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Outline

0 Asymptotic Analysis: Law of Large Numbers
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Sample Mean: Recall

Definition
Let Xi,..., X, bei.i.d. random variables with finite mean(y)and finite
varian?@ﬂ?e sample mean X, is defined as follows:

v

The sample mean X, is itself an r.v. with mean z and varianci@
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Strong Law of Large Numbers (SLLN)

O Xi L, X nd o j < Comtimny  Furcten
UKD . qixa ) Sad

E((j [XJ :ﬂjﬂty) pod X

The sample mean X, converges to the true mea pointwise as
n — oo, with probability 1. In other words, the event X, — . has
probability 1.

Theorem

i JU~ E §ixe)  p.

(3272

:J:.}WX/ Badx

_ b)) n . P |
=) ’S‘nﬁ’ gjLXz) )

4
= o P 9/l x
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Weak Law of Large Numbers (WLLN)

%
Xn Q>X, D Yo, L PC Xl >¢) =0

n-2po n-).0g

X\YL,@ Xy\: { | e w

19) wp. 7

Theorem
For all e > 0, R!X ,u|>e 0 as n — oo. (This form of

convergence is called convergence in probability).

Q ) brse Plixn=ol>¢ ) =p(Ix.|>5 )
‘ o £>]

o<s<| 2PIXn>s )
L 7 ([1heol>¢) - B} n o<
e 'L);*ﬂ:@ = Pn=1) L oxtd
=
T~

€1, mPCIWW/ﬂ) :@
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Widely Applications: Photo Stacking with PC

et e

JSHIT—
; < TATE—T ==

o siolat )

Ziyu Shao (ShanghaiTech) December 3, 2024 56 /88



Widely Applications: Photo Stacking with PC

& Photoshopcc ¢t @it @@ ECY x¥ &% w® S0 ME WO Mo ® @M= w%Ed @ M-LF126 Q

Adobe Photoshop CC 2015
02
RO & Btome
Ofno2 sk

1@ 33.7% (DSC_0566.NEF, RGB/ 8 [ Backoround  Skv
= Sotings
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FRETFERNOTA
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Widely Applications: Night Model with Smart
Phone
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Widely Applications: Photo Stacking with Smart
Phone

Your Orignal Camera Pixel 3 Ported Camera
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Widely Applications: Photo Stacking with Smart
Phone

iPhone 12, 39% crop iPhone 11 Pro Max, 39% crop
ultrawide with night mode ~  ultrawide without night mode

Ziyu Shao (ShanghaiTech) Lecture 7: Monte Carlo Methods December 3, 2024 60 /88



Widely Applications: Photo Stacking with Smart
Phone

SONY
XPERIA

NIGHT MODE

v

XPERIAA1 i "P40”PRO+' '
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Outline

a Non-asymptotic Analysis: Inequalities
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Cauchy-Schwarz Inequality: Recall

Theorem
For any r.v.s X and Y with finite variances,

E(XY)| < VE (X2 E(Y?).

-
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Jensen’s Inequality

I
1 .

——D
X AWKt K)o Xu

If fis a convex function, 0 < A1, Ay < 1, A1 + Ap = 1, then for any
— N~— ‘
X1, X2,

f()\]_X]_ + )\2X2) S )\1 f(X]_) + )\Qf(Xg).

-
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Jensen’s Inequality

Theorem
Let X be a random variable. If g is a convex function, then
E(g(X)) > g(E(X)). If g is a concave Function, then

E(g(X)) < g(E(X)). In both cases, the only way that equality can
hold is if there are constants a and b such that g(X) = a+ bX with
probability 1. -

Ziyu Shao (ShanghaiTech) Lecture 7: Monte Carlo Methods December 3, 2024 65 /88



. 3 'S (onvex ;
Quick Examples k
o]

Eg00] 25 Le0) 10 970020
< glc)so
[ gd=x, X€R , lonvex = EZ'fXIJ zZ @(x))l_ N
Var(X)= Fix) - €)f 2
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Entropy

@ Let X be a discrete r.v. whose distinct possible values are

T Lt —_ .
ai, ap, ..., a,, with probabilities p;, p>..., p, respectively (so
- —_—
pr+p2+--+ps=1).
—
@ The entrop i ined as follows:

71 Pylogs (1/p): eClyy)

o Using Jensen's inequality, show that the maximum possible
entropy for X is when its distribution is uniform over
aj,a,...,an i.e, pj =1/n for all j.

@ This makes sense intuitively, since learning the value of X
conveys the most information on average when X is equally
likely to take any of its values, and the least possible information
if X is a constant.

Ziyu Shao (ShanghaiTech) Lecture 7: Monte Carlo Methods December 3, 2024 67 /88



Proof O Gnstwee 4 rv. Y 4

Y" 7‘97 wp P
€
[

o L)

L
oy - P.’P‘ +/)2‘&'Pb'f"‘lﬁ"'
Tbn wep. Pn

=n
@ Hix) 2 30 @ -l ,
- [o9] <ty Ly
Go, . r» = MaXx K <log N ‘
At = P o o) L

. By ‘ ; n N
O oo XNt ek - Koy

=) MY Hx) >
Pl,‘,ﬂ,, - (pyLﬁ

. —

=D Ma x H()(/: (o »
p jz
¢, .,/)”

N\

Ziyu Shao (ShanghaiTech)

Lecture 7: Monte Carlo Methods December 3, 2024 68 /88



Kullback-Leibler Divergence

Let p=(p1,...,pn) and r = (n, ..., r,) be two probability vectors (so
each isionnegative and sums to 1). Think of each as a possible PMF

for a random variable whose support consists of n distinct values.
The Kullback-Leibler divergence between p and r is defined as

D (p,r) = Z pjlog, (1/r;) — Z pilog, (1/p;).

Show that the Kullback-Leibler divergence is nonnegative.
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Proof
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Markov's Inequality | Pclx- E{x)l >@)

Ol" eb%.(/ved ““ —
/\ et e -
Marbsy Lyspunoy - p‘"-"@ : “
Theorem ;’;

For any r.v. X and constant a > 0,
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Proof
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Chebyshev’s Inequality Ackar's esyue

PUIXP2a) = PCI¥AI2a") < £ et ]
i;‘: VML)()‘
Theorem Bt
Let X have mean 1 and varianc Then for any a > 0,
2
PIX—ulza) g . 0(z)
A’PP(I(“(’M K chdl (M U'L) ‘Sﬂmple Mea, X\q El'Yn/;H
0({)(\'\‘ ’/“ /0() e VM’U(vI) @ VM(Z‘/:\@
> Lo ( r — s
w00 P k"““‘7 ) ° = Kz\ P >4
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Chernoff’s Inequality - pUEX 2 ta)
Ft>o . P(X2a) = Pl etX s ota)
_/—/_\
Mrkov's hewss /2 et |
Xa =
Theorem e fo
For any r.v. X and constants a > 0 and t > 0,
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Chernoff's Technique H<o , PiX Sa)

SPtx 2ta)
Theorem
For any r.v. X and constants a, <
E (e*
PX > a) < inf L&)
t>0 etd
—_—
E etX
P(X <a) < inf L)
t<0 etd
y.
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Example: Normal Distribution "
) M& F ef X Mxct )/= e Ht+ Foit?

5 a <h ECet™) ‘
@ {)(/X) ) ’t>£ cta - l\""& 7[(‘6)

e

Given X ~ N(u, 0?), for arbitrary constant a > p, find the Chernoff
bound <(>n—P(\X>—a')’._ Mgt

ez Dot -
feo) = ke = € 20T AH4T
_ A e o e X _ oo
- et [t ﬂ'_/s] s =t = “— 5o

2> PXoa) < faX) _ e-é“é'fi‘
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@ =2 PUX>ute ) fe':%?
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Hoeffding Bound

Theorem
Let the random variables X1, X5, ..., X, be independent with

E(X;) = u,@b Yor each i = 1, ..., n, where a, b are

constants. Then for any ¢ > 0,

2ne2

2e (b-a)?
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Application: Parameter Estimation
s sp<hte O «pF s
DL Pres
o Grl<e)
Instead of predicting a single valuor the parametr we given
an interval that is likely to contain the parameter:

Definition
A 1 — ) confidence interval for a parameter(p Js an interval
[ — €, p+ €] such that S=0o0s-

Pr(@) >1-56.

Do ( 15-pl €5) 2 1~&

- —
-

ol <
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Application Example: Monte Carlo Method for

Estimation O ey (Hlexel, Ay )
Circe « fixy) - x\ylsl}

< 1
an IR )

0 e
\///

@ A point chosen uniformly at random in the square has
probability 7 /4 of landing in the circle E(w) -

4w s gk

(=1, 1)

(=1,-1)
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Example: Monte Carlo Method for Estimation 7
N~ 29 DR

m is finte 2 2.2
Pr( Z-2|2E) = PrC [4W-2]25 ) R
fem (7 )

- 2 £
=pr ( IW'E{ 27 ) :p(/—;f%-‘g; _m)f 2%
¢ 2
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Example: Monte Carlo Method for Estimation m
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Summary 1

B 2
,f Whaf ca,n ==g=
: happen? pEoe
. el o b
distributions random variables events numbers

X1, X2, .., X, iid

CDFF

PMF (discrete) (B(X,) = p, Var(X;) = 0”) (Chebyshev)
PDF (conti g _1y %
(continuous) =5 in P(|Xn —p| >€) = 0asn— oo
story =

(law of large numbers)

name, parameters

MGF

Pa<X,<b=
i,(\/ﬁ(l;*#)) 71,(\/5(4;7;1))
for large n

(central limit theorem)

E(X,) =p
Var(X,,) = o%/n
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Summary 2

HGeom

Limit

Conditioning

4
Bin
(Bern)
Limit 4
Conjugacy
Conditioning
¥
5 Beta
Pois N
(Unif)
Limit
Poisson process ‘Bank - Post Office
Conjugacy
Gamma NBin
Normal <« X
o (Expo, Chi-Square) Limit (Geom)
Limit
Student-¢
(Cauchy)
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