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Multivariate Distribution
%

@ Joint distribution provides complete information about how
multiple r.v.s interact in high-dimensional space

@ Marginal distribution is the individual distribution of each r.v.

e Conditional distribution is the updated distribution for some r.v.s

after observing other r.v.s
-
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Outline

@ Discrete Multivariate R.V.s
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Joint CDF

Definition
The joint CDF of r.v.s X and Y is the function Fx y given by

FX}Y(X,y):P(XSX,YSy).

The joint CDF of n r.v.s is defined analogously.
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Joint PMF

Definition
The joint PMF of discrete r.v.s X and Y is the function px y given by

pX,Y(X7.y):P(X:X7YZy)‘

The joint PMF of n discrete r.v.s is defined analogously.
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Joint PMF

E

Ziyu Shao (ShanghaiTech)



Marginal PMF

Definition
For discrete r.v.s X and Y, the marginal PMF of X is

PX=x)=) P(X=xY=y).

y
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Marginal PMF
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Example
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o . .
Conditional PMF (= (ondifbact PAF s also yvatd jup.

é'D

: ‘p’\“dy y P)(/II ('(9) S Valid py L.

Definition D TP (xax(y29) < |
For discrete r.v.s X and Y , the conditional PMF of X given Y =y is

Puy(xly) = P(X =x|Y =) = P();(:YX;Yy): y)

\
P (X=X, Y>9)
<) FLEETY v
Y Y=y)

V)
<) TPoex, ) =p=y)
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P(XZX' \(:-3/
PeYzg) B

—_—

Conditional PMF Proveris) =

Conditional PMF

Slice view
of conditional PMF
Px|y(= [)

Conditional PMF
Px y(I l 2)

y=3 I

z
Conditional PMF
Px|y(=[1)
Joint PMF py y(7.y)
T
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Independence of Discrete R.V.s

Definition
Random variables X and Y are independent if for all x and y,
Fxy (x,y) = Fx (x) Fy () v

_w
If X and Y are discrete, this is equivalent to the condition

PX=x,Y=y)=PX=x)P(Y =y)

for all x and y, and it is also equivalent to the condition

P(Y =yl X=x)=P(Y =y)

for all y and all x such that P(X = x) > 0.
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Example: Chicken-egg @ Fove pr P e

G ze sinleger
& xvzn X Ko~ 8 a0
HY(N:n -n q=rp.

Y ‘N‘»’r[ ~Phcn,q)

Suppose a chicken lays a random number of eggs, N, where

N ~ Pois (A). Each egg independently hatches with probability p and
fails to hatch with probability g =1 — p. Let X be the number of
eggs that hatch and Y the number that do not hatch, so

X +Y = N. What is the joint PMF of X and Y?

A o Lotp
@ PO )2 S pxes v (wen). PN=n)

—_—_ — fh=o

e

= P(Wi;/ )—(lj /t(_lCT)).P(N__dU‘)

- ) -0 -~ -~
- PCX"’//\(:M‘J)
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Solution
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Related Theorem
O\M
/GQA_.>
V] A4
Theorem rti=(

If X ~ Pois (Ap), Y ~ Pois(\q), and X and Y are independent,
then N = X FY ~ Pois(\) and X|N = n ~ Bin(n, p).
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Related Theorem

ap > e
o—LQ/
\)t"
g pe -2

Theorem

If N ~ Pois (\) and X|N = n ~ Bin(n, p), then X ~ Pois (Ap),
Y = N — X ~ Pois (\q), and X and Y are independent.
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Outline

© Continuous Multivariate R.V.s
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. . 0 c ) low
Conditional PDF Given an Event’  F**=

= iPLA“)P(WSX{AJ

Conditional PDF Given an Event B
The conditional (PDF fx|4 Yf a continuous random varlab?X givi
an event A with P(A) >0, satishes ——
P(X € BIA) =/ fx|A(.’L')dI.
B X
. - Fceloit
If A is a subset of the real line with P(X € A) > 0, then |_ g

fx(z) : _ x
fxixeay(e) = { P(Xe4)’ fred - %PLA )f “Fﬁﬁglt)dt
—20

—— \0, otherwise.

@ Let Aj, Az, ..., An be disjoint events that form a partition of the sam-

ple space, and assume that P(4;) >0 for all <. Then,
Ty déh\vaf& 97/
(x (x)=) P €) Lb/
Z ’X |A; B [9—‘:11 5‘1{{‘/

(a version of the total probablhty theorem Wkt x .
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L —
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Joint PDE~ © vaus jone pop Jf Fryy) 2o

j?of:q f}\y‘x-wldf(lj = |

(9 Example . P(X<3 , I<YeqD

_f»’ 4
P B —oo Y (X 9od
Definition ‘f‘ f” Y

If X and Y are continuous with joint CDF Fx y, their joint PDF is
the derivative of the joint CDF with respect to x and y:

82
fX,Y(Xay): OxO FX,Y (Xay)‘
oxoy

& Bcr*, p xx)ew )
B lf?f fxlr (&y)dxx&
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Marginal PDF

Definition
For continuous r.v.s X and Y with joint PDF fx y, the marginal PDF
of X is

fx (x) = /oo fx.v (x,y) dy

This is the PDF of X, viewmthan jointly with
Y.
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Cond|t|ona| PDF IS a vald PPF Glven fixed Yy or x

Foix Cled 05 wvmis e 10 20 U

‘ J
J 7[Y‘X (9lx) Ay
Definition

For continuous r.v.s X and Y with joint PDF fx y,|the conditional

PDF of Y glven X
fY|X (y[x) Q[
L)J& fx.\((xy)y 31
fxo)
‘ N
<JDJ?:0 %r‘y(x.y)t{)/ = 7()(()()
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Conditional PDF @ Pty sYeytee [ x<X<xs )

— P
P IEY €9t x<IX<wid )
_—
P (e X Sxtd) )
70X~Y”“9)' 1.82
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Technique Issue

@ What is the meaning of conditioning on zero-probability event
X = x for a continuous r.v. X.
N

@ We are actually conditioning on the event that X falls within a
small interval of %) X € (x — €,®+ €) and-then taking a limit as
e — 0.
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< , o< < |
Example @ ° g< !
Koy (X
7(>dy (y) = AR o
%”Y‘L") (ﬂ: ‘)C‘Wy)d)(
The joint PDF of X and Y is given by -;x oy
= 3
M fO < < 1 O < < 1 ( "‘X“f)(»g
F(x,y) = if0 < x<1,0<y<1[ry
0 otherwise .

= v
Compute the conditional PDEﬂw, where 4
O<y<1
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Example CD Covd 4 nal PO F 0<¥Xc 00 ocycmo
Futy () - Trroey Focy)
Frw J:o focyodx
e-xly-y
Suppose that the joint PDF of X and Y is given by = 5
el 0 < x < 00,0 <y < 00[%
fey)=1," ey
0 otherwise o Ty dx
Find P{X > 1Y = y}. = J}—e—x/x

O rox =y - fw %x(r(xwdx

[

:J:Pc 76"(/%()( e 7
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Continuous form of Bayes' Rule and LOTP

O 7[Y(><W‘></ - Levlxy

oo Frixio froo

:7[X\Y(><- .
Theorem

For continuous r.v.s X and Y,

@)= [ v ()

0o (=
”I[x (x) = Jim foo (v )dy :L/jz*xly‘x‘f/%ﬂ”f//
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Proof
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Bayes' Rule: Inference Perspective

DN

© — [
—_—— @surenwnt » Inference

fx(z) fyixla) | | (fxyy(z|)
R g
i ot P
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Example (¥ *V'Q/ 16/&0‘) =2 , 1)l

Prise POF A um.fca 2)

® %\w PE fay ly) = Ta) if Frincra)

;

¥}"Y)r\\ Exo )
A light bulb produced by the GE company is known to have\an \
exponential distributed Iifetimeif) However, the company has been
experiencing quality control problems. On any given day, the 1‘
parameter A of the PDF of Y is actually a random variable. ugiforml

distributed in the interval[l,3/2]. We test a light bulb and record its
lifetime. What we can say about the underlying parameter \?

- 2.2

frey
L7 oo
@ ']CYKY) ‘;\f—% fA(t)ﬂ({AWH}df
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O X discete ;Y (ontiauous

General Bayes' Rule
PUY€HS, v ax) = P OXex [ Yeuropec ) PQtrs sy

Pix=x)D
X=
Sl POresinsbens | PIr)
(o 22 $9o ?(Y:x)
Y discrete Y continuous
X discrete PY =ylX=1)= 413()(:2‘3‘(/;350/:@ &y\X‘:D —P(X:;A;ZZ))“ L CD
X continuous PY =y|X =z)= %WD frix(ylz) = W

P(Xixl[:-j_)v

7 W [x=x) = P Frw)

-
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Proof & PO=3lnee -
/

UM WY:y /X(o(-{,ﬁ@) 26¢ - fxlx\y-.,/ P ( x€oet, %65 |y )
o c. T &
= fx"() P((Xéu-{,xfi))_

—_—— — =

‘F(Y:H/)(éoe(,ﬁi/) = P(x¢otxoly 9) P(?‘» g)
P(xeixs Hf./)

L

/177 yex)

= %X(’((Y/ Z—m ( X€ue £% P(Y'
PéY‘Y) £
70><w<) .

P(XG[K»{ x+£){}’:y)
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Proof
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General LOTP B) X Cntrews . Y discrete

Lot

P(()(éhéé, xt€)) — yZP(WQxc )éti)‘Y\/ P”)
(,1‘\4 o £ - Ll\v
2‘70 £0
-z
fx x) = 5: UCX‘XIY‘«y)~P‘Y=y)
Y discrete Y continuous

X diserete  P(X =) =S P(X =a|Y =y)P(Y =y) P(X=2)=[% P(X=aly = vy (D

X continuous Tx () 2 52 Ix (@Y =) P(Y = y)@ Ix(@) = 7 [xiy (@ly) v ()dy

(!) X diSerete Y Cwtinuy P(X=x Y= fY(Y | Xex)
4) =
Frog) P

= ,7(5(-)(/}‘:3)7/:\(“/) :V[Y(YKX;K)\P(X:yW
!*ﬂ!l}’lj )C)‘)GI/

=) fib; P(Y:)(“(:y} VC?(“/)JY - K'F}’Lyl)@){)w{xﬂy
ALY
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Proof
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\/g™ : -
Example O Y=ut5 o Y[y ‘f” NS per

O P‘S‘ /rj} ﬂ-’iPU_“) w {Y/S(Y/) ie_‘;ii’/\-

—_—

[PoSters . b - ,-I,(_\y') 1L (S(y—l) e“”*/
Frew) = Fyiscal ) ps=0 1 Fris ) w=-) o

A binary signal S is transmitted, and we are given that R(S = 1)Y= p

e received signal is Y = N+ S, where N
is normal noise, with zero mean and unit variance, independent of S.

What is the probability that S =1, as a function of the observed
value y of Y?
———

&) Ps=1(vy) = 3%6 -
o *? U-P)

_ pe ¥ y>o0
- ———— = ———\

r-ed ey {<P <o

P J=o
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Example: Comparing Exponentials of Different
Rates PCTieT. ) Z fpeP‘T‘“;/T“U'fr &) dt

p‘TZ(T' ) =

n’*)l, J

- (oo
- JL PCTict [Te=t) -Aze'httd{,

_ [ee
LS Pili<t ) ')zenkédt

1'(' ‘fa»\
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Independence of Continuous R.V.s

Definition
Random variables X and Y are independent if for all x and y,

Fx,y (x,y) = Fx (x) Fy (y)

If X and Y are continuous with joint PDF fx v, this is equivalent to
the condition

fx.v(x,y) = tx(x)fv(y)

M_vw
for all x and y, and it is also equivalent to the condition

frix(y[x) = fy(y)

for all y and all x such that fx(x) > 0.
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Proposition ch\y“‘ﬂ) = 8xy .

=) ch“‘) =4xchbxt ) x| ‘FW\/):%#/OW&

Theorem P ixyg) + 74(()().10\(14/
Suppose that the joint PDF fx y of X and Y factors as  decu,

Nt Sappnt 20, 0
fxy (x,y) = g(x)h(y)

——

for all x and y, where g and h are nonnegative functions. Then X
and Y are independent. Also, if either ther g or h is a valid PDF, then the
othér one is a vatid PDF too and g and h are the marginal PDFs of
X and Y, respectively. (The ana/o/g\ous result in the discrete case also
holds.)

o
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Proof hece  Fry 064 - fxo0 fr).
0) '/:)(1\((*)4):(70()»/101) = C-gex). Mv), J Cff:hw@/
2= (2w >

)((X) :‘/"D:O{X‘Y(X\y)dy
= Cr90) f:o th(—uy_d/

e = f:T[X‘*)JX =/ :)f:oa.ﬁfxﬂkil

{
— Lo ey 2o
4 7[Y ) = J\»m {V\YC)A%)&X =T 'f»oo b ZLh‘V/

] ——

‘X’ (, _ | i ht
@ ‘)(\ YYV) j“‘)h‘))—w'@ :q[x‘X}~7[Y‘}')

XY are tade
"iepende, ‘ ) ,
9's MWLJPOF = Jsoa Wl
? @ )hlq/ 41»F
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2D LOTUS

Theorem
Let g be a function from R? to R. If X and Y are discrete, then

E(g(X7 Y)):Zzg(xv)/)P(X:XvYZy)'

X

If X and Y are continuous with joint PDF fx y, then

E(g(X,Y)) = / N / g (0y) ey (x.y) dxdy.
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Expected Distance between Two Uniforms

/
D Bhl) = fp _ﬂ,’lwlﬂdx){y (3) deoy :/;%//w/dm//
[
:fo fy (-4 dxdy +f9/f;ywx)dzd7 = 4+

3 .

—_—

@ M= max(¥, Y) , L=whexr) M+ = X+y
For X, Y "= Unif (0,1), find E(|X — Y/[), E(max(X, Y)), and
E(min(X, YY)).

= EwmtL) = E (xty ) = E(x)+BLly) = Jij =
= Fwm) +EL) =
@ M~L = MOXC XY ) —md(ky) = [ =Y ff xoY _ /)(—Y/(
-x if <y

=) E(M)— -[:-(.L):é( ]
—_——

2 Ewa-L) =E(lx-y():é

. 2
@ E(M}:j‘ , ELL/:;“
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Expected Distance between Two Normals
O freenad (=« £ ieyr) = [ 5 10 et 2

e dxdy
—_— " 7
Me-thod 2 "
@ 1Y aNe) oY ANy
x—yﬂw 2 XY= 2 2400,
For X, Y "% A7(0,1), find E(IX — Y]). T

= EY)) 2 E(HBI2I) > ; E((2])
(L(2])= f‘i”‘-ie‘b‘ag -)f"" =
o Tt 2@ 2 [X
> By ) -=
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Outline

© Covariance and Correlation
-_
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Covariance

Definition
The covariance between r.v.s X and Y is

Cov(X,Y)=E((X—EX)(Y —EY)).
— —
Multiplying this out and using linearity, we have an equivalent

expression:
Cov(X,Y):@E(X)E(Y). |
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Key Properties of Covariance
e Cov(X,X) = Var(X).
o Cov(X,Y) = Cov(Y,X).
e Cov(X,c) =0 for any constant c.
° Co%%Want a.

o CouX+Y. Z4+ W)=
Cov(X, Z) + Cov(X, W) + Cov(Y,Z) + Cov(Y,W).

o Var(X+Y) = Var(X) + Var(Y) + 2Cov(X,7)7

@ Fornrvs Xi,..., X,

Var(X1 + ...+ X,) = Var(X1) + ... + Var(X,)

—|—2LCOV i Y))

B e
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Proof
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Correlation

Definition
The correlation between r.v.s X and Y is
X, Y
Corr (X,Y) = LGov (X, :
/Var (X) Var (Y)

(This is undefined in the degenerate cases Var (X) = 0 or
Var (Y) = 0.)

Definition

Given r.v.s X and Y, if Cov (X, Y) =0 or Corr(X,Y)=0, X and

W
Y are uncorrelated.
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Uncorrelated
(ov cx, Y) = E ((X‘YEX)(YJEY)

= Flocex)) -eCv-2v))

= (Fx-Ex ) ey ¢
Theorem E JEy=En)

- O
If X and Y are independent, then they are uncorrelated. J
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Uncorrelated - Independent Covexiy) 2y ) ~Ex). 0y )

(o}

© o

Example -
XKaNw,0U : Y= Xl_

E(X) =0 , E(xY) :E(XB) =0 -

J

i) W(¥/Y):O

XY are Un (onre uted |

NOT I”&CW{/

UNret®n (newv (g1yie(ption, )
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Covariance & Correlation

@ Measure a tendency of two r.v.s X & Y to go up or down

together —
@ Positive covariance (Correlation): when X goes up, Y also tends
to go up
@ Negative covariance (Correlation): when X goes up, Y tends to
— N —_—
go down T -
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Correlation

)ga’live correlation

Posilivm

Dependent but uncorrelated
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Correlation Bounds | - E0] <E6) G (£BJ<e)
_Ele] <ER G)

OXthxtc 25 ft) = 20 (x- tr)t) 2o
=L ,
A-Mi} SE(Xatwtty] = Ex) -2 +t'ayy

T ENY -2eener) +20¢)

A= QE6))" -4 Elr)hr] <o
- Elerocrn]
SH e

- =
Yer(X). arcy )
-1 gm 1

2° XEX-EX Y= YEY

Theorem

For any rv.s X and Y, =) Ert,,) SE0¢) )

> 7 :
F [(x-zx) \Y—av)j N ET(%Ex)‘j Fl(y-Ty

2
Lviay) £ Uarcy). WW(Y/
= ch;y) < =) —(< Cov iy ) < |
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@ Multinomial Distribution
M
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Story '&@ J —) B»qam-4¢

Each of n objects is independently placed into one of k categories.
An object is placed into category j with probabilitymj
are nonnegative and ) ., pj = 1. Let X; be the number of objects
in category 1 We C., so that
X1+ ...+ Xe=n._ Then X = (Xi,...,Xy) is said to have the
MWM]tion with parameters n and (p1,---,pk). We
write this as X ~ Mult,(n, p). -

= (X)” /YK)

P Y»
Xz (\K]"‘XK—)( / (X/‘j)
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Multinomial Joint PMF  7_o%ee — Categony |

i3 R —> k N
Theorem b e e
If X ~ Mult (n, p), then the joint PMF of X is e

-

n!
— _ _ ny_m Ny
P(Xl—nl,...,Xk—nk)——I T P1' P3Py
niingt...Ng:

for ny, ..., n, satisfying ny + - -+ + ng = n.

(o ) (") )W) _

’—\—_
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P ro Of (a r{jeﬂ‘(r-\(. D.'st: it 0y .

1»/\ Prkct:(e . y
[y
Yo, .~ . (atck.p) P00 p
leH’"‘l'PK:/ ;
P20

Pe= PeY ;)
J

the (th

22

Caﬁjwy IS Selectey

N
X5 2 mzﬂlf\fmw’ 3k

=t Q)Z 0bJeces (b‘ndhy ‘to Cafeyy (.} .

(X, Xe) ~ Mult, ca,p)  P=ep,. pe )
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Multinomial Marginals

Mode( & Story

Theorem 7[ Bhomul Distpibat,,
If X ~ Multy (n, p), then X; ~ Bin (n, p;). J

W)we 5\‘@6; !
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Multinomial Lumping

Theorem

If X ~ Multy (n, p), then for any distinct i and j,
Xi + Xj ~ Bin(n, p; + p;). The random vector of counts obtained

from merging categories i and j is still Multinomial. For example,
merging categories 1 and 2 gives

(Xl =+ X27 X3> ) Xk) ~ Mlﬂtkfl (n7 (Pl T P2, P35 s pn)) o
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Multinomial Lumpling
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Multinomial Conditioning

/a GTT\/e'ﬂ /)‘ gb)'a{—j hP) Cé_‘—egoy l/ ‘er i’emﬁ.‘m‘a/ n-n, 05)41’((3

lon o ~ :
'2’ nis Cﬂfej:ww) 2,k oy 44t¢€feﬂd¢qtrf €uch othe~

2 W ot A Oent B
Theorem - ; Prto= prob ( lndyinte Gty /mc oy
2, k(7 9 )
If X ~ Multy (n, p), then” b %,,)
= Prob(AlB) , A a.f),»
(X27 '“7Xk) |X1 = ny ~ Mult,_; (n — M, (p27 oo pk)) )
where p; = p;/ (p2 + -+ + px). = posihs P
77o% Lﬁ/ T=F, ’
()
Pt - T —
- ‘f‘V‘(v! /))*‘ "f/])(
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. . . . XX ~ R w,P)
Covariance in A Multinomial
Var(2) = npup)

o ) ~
o wLog e 0=l,j)=2

X~ Bincn,p

Xo o~ Bn,py )

Theorem Xot Yo A~ Booln, Ptps)
Let (X1, ..., Xk) ~ Multk (n,p), where p = (p1, ..., px). Fori # j,
Cov(Xi, X;) = —npip;.

lO

Ver (Xi4¥e ) = Var (%) + Vorixe ) —+ L (o (%,x1 )

AR Upb) < 0PLkn) € 0P g ) 1 2 Lot x2)

=) CD\/(X//XL) c-npp,

< o
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© Multivariate Normal
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Multivariate Normal Distribution

Definition

A random vector X = (X1, ..., Xx) is said to have a Multivariate
Normal (MVN) distribution if every linear combination of the X; has
a Normal distribution. That is, we require

X+ -+ Xk

to have a Normal distribution for any choice of constants ti, ..., ty. If
t1 X1+ - - - + t Xk is a constant (such as when all t; = 0), we consider
it to have a Normal distribution, albeit a degenerate Normal with
variance 0. An important special case is k = 2; this distribution is
called the Bivariate Normal (BVN).
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Non-example of MVN & X~ e

@ \f:S% A N

COF &

PUY<Y) =P (sxsy)

LsT -
:i{ P(SO(S) IS:‘)‘PUTI) +/)(‘S‘X‘(jbﬂ—‘0»l’(‘$1—)
:P(fxf&(&-yi + P(-X<y /‘5:‘1),;’

xS '
= P(X<y )2 + Pl-xs<y ) £
X~ =X =Pix<y)

= P(XeY) |, FyeR
= N A X o~ N
) XY )FE MyN P(X«“Y:o} = PCkS)X=0) —./7;25:,,/

X3t NoT @uthaous VU 4> x/et/ym,,;c.
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Actual MVN
\]\d
CD 2/ W /’\/ No, i)

N\,\—\_
( 2, w ) . /3; Var ate /\/0)—,.44,( .

t\z ‘(' fl\/\) /N NUV‘WL

Ve, . ¢p
@ (Z+2W 321—3‘u) IS a Buarste M, ¢
Ry,

’tl (Z—flo\/) —+ T2 (;21‘?‘4})

T ht)R ¢ (2t tstw
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Theorem

Tixi+ GXot Ty Xz ~ Norm(

F )t B3
Theorem /

If (XWM then so is the subvector

(X1, Xo).
G

T‘ Xl_t f;Xz N NsV‘MaL

dti e,
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Theorem

){ /0 Sepndent ’f Y
/f]ﬁ X b dgpemdont Jf Y,

1:7(/")" )~ )1I/A~m
Theorem

IfX = (Xi,.... X,) and Y = (Y1, ..., Ym) are MVN vectors with X
w
independent of Y, then the concatenated random vector

W = (X1, ..., Xs, Y1, ..., Ymm) is Multivariate Normal.
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Parameters of MVN #=2 "“t([ Ver (X,) me,xL/J -

M-Lien E—CXJ,'ETX/,J [DJ(Xe Xl) v%f()(;

(/{m R (] C&/(Yn)@)
en( Varr (s, ’ -
(e %3, VMWLJ_ 1\/ W(XI’X/ (D\/(S()/)(‘)
Pt wf Vertx) veni)
Verkinvaeie) = (it | ~> Pﬂéit‘ve

Parameters of an MVN random vector X1, o, Xk) arer\| Lemy
e the mean vector (i, . . ., jux), where E( Xr s
@ the covariance matrix, which is the k x k matrix of covariance

betweereomponents, arranged so tMHy
is
‘ CoJixy, ;)

B Cﬁ\/aﬁ
DV‘f’ “le Mot
st por 7&@ x) e
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Joint MGF 20 FF tix - Tty NSy (
= M) =7

N

Cix—~ ke L Nep,

5.
Definition |
The joint MGF of a random vector X = (Xi, ..., Xi) is the function L.
which takes a vector of constants t = (ti, ..., tx) and returns

M(t) = E (&) = £ @Xﬁ"'“ﬂk .

We require this expectation to be finite in a box around the origin in
R¥; otherwise we say the joint MGF does not exist.

/O K~ = M)

Ziyu Shao (ShanghaiTech) Lecture 6: Joint Distributions November 14, 2024 75/ 96



Theorem U W ™~ Nopau(

(X Ye )

(’;t_‘)(""" ‘ftkyk}

R IV LL Z LU RECTIe
Theorem

Within_an MVN random vector, uncorrelated implies independent.
That is, if X ~ MVN can be Writfm (X1, X2), where X; and
Xy are subvectors, and every component of Xy is uncorrelated with
every component of Xy, then Xy and X, are independent.

In particular, if (X, Y) is Bivariate Norma/ and Corr(X,Y) =0, then
X and Y are independent. T

— ~——

v
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Bivariate Normal Generation A4 @& cd

(°. ¥ =ax+sY

W= c X+d\[
-20 Z/ SEw )\:fm ,1_1 LE(\C) Q(Y]"’) !
Suppose that we have access to i.i.d. r.v.s X, Y ~ N(0, 1)) but want

to generate a Bivariate Normal (Z, m‘_(TW')" p and
Z, W marginally N'(0, 1), for the purpose of running a simulation.

thMJ
How can we construct Z and W from linear combinations of X and

? 2 / (
L l/ér(Z) = 0 Uerix) ‘f‘b"l/artr) = a*p* =|
Veiw ) = CPUerc) £d*vovey) = creg? =|
crd* =l
e I P B
(%)= v -
)= =) (VGX ,cx) =+ Couby, dy)=p
=) acvercd) t bd bany)-p
= C-('bef =@
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1 ) 2,2
Solution ° &'tel= Fd ore ot
Chdr= ! € Seolntly, g -e,.wujh
aC“’bd:e
b=0 ; = a*=| Pk a=( 5 2C=C ) dte?
rrd< dzgl_?
4°. X = ax+bry = X
W = Cx+dY = 6%+ oo
X OCb e d
(m; Y) > Oheck.
4»)\“0”) ‘{'}‘C )Jv\\t {J]){j_ ‘,f
(g,w)
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Outline X >' M

PoF PF
it pmr

CXI,X),) 91‘?//?1/ 9{)('/)(2—/
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JOA FanF Jode ppr

Jonc Pt ?

@ Change of Variables
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Change of Variables in One Dimension y=gw
S 0 -l
@

Let X be a continuous r.v. with PDF fx, and let Y = g(X), where g

is differentiable and strictly increasing (or strictly decreasing). Then
the PDF of Y is given by

Theorem

where x = g~ *(y). The support of Y is all g(x) with x in the
support of X.
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PI’OOf CD w-L 0. Gr ' Le+t j be Sfr/'cﬂ), :\n(ru‘g,b/

Y=9x)
C_g We CD"S“A‘B"/- ‘{7*\9 CDF uf Y d: ‘9()()
X=97w)

wa) = P(Yi«jj =P(9i(x)<y)

=P X <9 - ~ _
X)) ()

Then b} the Chals rule _ pLE O][ Y s

- ( B dTyu]) o)FX(X) delX) d
fro- s - G2 - 25 (52)
@ J v .5’(3«.‘:11{7 deofe«? . = fx(){)'ﬂ;}%’(
. { ’
ol b (-5
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Example: Log-Normal PDF M»d
o
CD X= ["ﬂ Y . XNy [

J: )('>° - (s
Y:é? (X):€/>< Z- € ’:X‘iii
-5
= ox .
@ f—Lw) {X‘X)'/W/ - oo :fywyy)j
fxoo = 5 e
—~—
=) 1 a}
'FY“/): fze- ‘3"/‘ j_ e
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Change of Variables ]Z}/u// Vv, =
Theorem ; triu) - #ﬂx/ J
dom vector with joint PDF

Let X = (Xi, ..., X,,) be a continuous ran

fx(x), andTet Y = g(X) where g is an invertible function from R" to

R". Let y = g(x) and suppose that all the partial deriva Ives, a—;‘{
exists and are continuous, so we can form the Jacobian matrix
K_\—"w

(X :T[ O O .. 9x
/{X / )f ‘}’ ! dy1 Oy ?_m
D Oxa .., Oxa
Oy1 Oy Oyn

—_— —

AXnA 37m¢ Moty

Also assume that the @of the Jacobian matrix is never 0.
Then the joint PDF of Y is |-

GbSolute Jatue

f detomn

V.

= = = — SN
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Jacobian or not

>(, Y >0
CD Olscrete Y. /ry VNE:
No Jucoba, )
Pocy)
=P(X=9%)

@ (Ot awous. roJ /y Y X
. / Y) . o 3
X=Y3  (regb s R
=Y ( x=y5 Ké:}“y-iz
P2 ) = o) B f b by

r)ﬁY“f)‘— /X(x)j_)g{j

Ziyu Shao (ShanghaiTech) Lecture 6: Joint Distributions



@ xy) (W, T ) [owt) | | #TEosy
Box-Muller =d suy) | e

<,
X *yz:lt =2

UCX\Y (X%9) = Jp(m uwt) '/awy{{ .\/ (ﬁfu‘wz
Alut) wr
@ AIT Wit/ = 7[u (J)'fT(t) = "2;: 'eA{: cUECes2) t50
Let U ~ Unif(0,2n), and let T ~ Expo(1) be independent of U.
Define X = v/2T cos U and Y = /2T sin U. Find the joint PDF of
(X,Y). ‘Are they independent? What are their marginal
distributions?

. S‘X‘”) At Shu —= ‘
@ Julobin Y by [ ] [ Jag USMJ

bt osu =
o Shu
det (2 “

owy ) = TSRu - =

(- B ,_L)& P = oz @
@ 7/:)(7)/()(‘\_/) _ e—t‘l—!i.‘{_” =2Ze 21XtY°) X}‘f/e‘
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Solution
. 12 ) 2
][X,Y(X’y): -\E;QA x .d;e‘f]

g o . hy)
=)

N(9,()

<N{O,))
X ond Y are hdepodent

X, Y /Q\d Noii)
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Bivariate Normal Joint PDF

Sex e e
(O' X\Y /\.'/'d eny.,
[’ X=X ~epe |
W= 0xt ey

20 (2w) = Gy
762/"\/ (2w) :%X)Y (X9 f ,é(_)(“’_{l

o (2,w)

° . K= X ?(13
3 C JeCobyn /PW:F-K*J:{?:/ = /) I = “‘&”2

<WV M_?L
> 9%Y) [ ) [j‘_ loj et/ = 7
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.‘rd A=

Bivariate Normal Joint PDF ™ ~e) )ry:ﬁw_g/i?é
.

- 7%/“51) - 7[“(“)'“*' e fug)

L 1,2

= é -2X -2Y
oz € 4]—’26 W
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. ///;v__ - >(
Convolution Sums and Integrals /= XV, T- a3

Theorem
If X and Y are independent discrete r.v.s, then the PMF of their sum

T=X+Yis ?(XTY“ /JP Z’pwﬁY—’ / 1><).P1>(:>Q
—t)_ZP(Y_t_X)P(X x)

= ZPO=tx| Y5 k)

Z y)P(Y =y)

y = IPZY-”f‘X).P(k:y
-

If X and Y are independent continuous r.v.s, then the PDF of their
P e ——

sum T E/Xiﬂi — e

= }
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f (D (Ontinnews. no I
)
FT('t/'— P()(+Ygt)£§_?_ f‘m Poay<ce /’X:X)-fxzx) dx

xBy
R rreen (10 forae 2 (2000 fug

Proo

o
H’j,.po W(f’X) 'A«)‘).dx D/‘qef vt £
2y - ]2 %\((f»x)fﬂx}dx//_\

&) T=rY L VX 2 (V) =gy

el AN T T
[(V E ~Lﬁ/:/l (/:A/

—
= i”_“‘”\) = e ) 1T] = frod i) “fuohy

> o ‘
7[T ) = j_m Foy ctvydy = ji: fx_tf)fm) U
= J‘-Z ”/x (V/ -f{((i v)dy = f;; fxo() 'y[)((("\()a/)(
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Exponential Convolution
XZo,  Yyzo. I[=%xx¥zo

72 ~ |
Fc2-, fr(‘t): \/jm f}’(i:}_() x (%) dx

SN Ea A
Let X, Y "¢ . Find the distribution of T = X + Y.
— —— "\/—\

- fo{- )fze—)fdx
:Azeﬁﬂ'. k{dX

- ;‘Lﬁ>ezﬁt
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Summary 1: Discrete & Continuous

Two discrete r.v.s

Two continuous r.v.s

Joint CDF

Joint
PMF/PDF

Marginal
PMF/PDF

Conditional
PMF/PDF

Independence

LOTUS

Fxy(w,y)=P(X <a,Y <y)
P(X=2,Y =y)

o Joint PMF is nonnegative and sums to 1:
., P =aY =y =1

P(X=a)=) P(X=aY=y)

=Y P(X =aly =yP(Y =y)

P(X <2,Y <y)= P(X <2)P(Y <y)
P(X =a,Y =y) = P(X =a)P(Y =)
for all  and y.

P(Y =y|X =2) = P(Y =y)
for all z and y, P(X =) > 0.

E(9(X,Y) =D Y gla,y)P(X =2,Y =y)
=

Fxy(z,y)=P(X <a,Y <y)

(@) = 5255 Py (2,0)
o Joint PDF is nonnegative and integrates to 1:
S I fxy (@ y)dady = 1.
o To get probability, integrate joint PDF over region
of interest.

i@ = [~ forndy
= [ vt
oy

Frix(ylz) =

_ Ixiv(@ly)fy (v)
fx(x)

P(X <2, Y <y =PX<z)P(Y <y)
Ixy(@,y) = fx(@)fvy)

for all z and y.

Frix(le) = fr (v)
for all 2 and y, fx (z) > 0.

B = [~ " gwnssr sy
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det(A)=6
Summary 2: Multlvarlate Distributiofi [2 &) e

:9 X - _a_
dX,- rrw ST -t © *E//%ZB

! ; 2 5
d X What can .,:; \

1 ‘ happen? goog
- éxh osoe

=
v D]y ) joint distributions random vectors events numbers @ A S o
N
X joint CDF F(xy) generate X W XsxYsy W P [ px<xv=y=Fuy L B
N _ﬁ B

+ B fd iy joint PMF P(X=x,¥=y) &b X+¥<3 PX+Y<3)

b df joint PDF flxy)

'y i joint MGF M(s.r) ‘m'ujq'h-«f‘a\,.

) E(X), Var(X), P(X < x)
E(Y), Var(Y), P(Y <)

(marginal quantities)

sum joint PMF or
integrate joint PDF

o, )3 [T

Cov(X.1), Co(X.)
(joint quantities)

J0159A WOPUEI JO Uonouny

marginal dist. of X
P(Y=y|X=x)=P(X=x,Y=3)/PX=x)
EYIX=x)

(quantities based on the conditional
distribution of ¥ | X = x)

al (n'ntuf

Troacfommaton.

EX+N=EX+ED ) ~ é

EXY) = (ZI,Z;?) »)r EXOE(Y) //
SUx= T fux - | &5 ( vy

§VY - Ty, ,szx)ofu,c ocw)fu,

=l

1=
L, Y
T
N
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