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The Rotation and Dynamics of
Rigid Bodies
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B1. fi%E angular velocity

(a)

~ (b) s=r6
One radian is the angle A
The anecle 6 from the at which the arc s has ™4 ‘
; g : the same length as the An angle 6 in radians ’ -

+x-axis specifies the radius 7. is the ratio of the arc
needle’s 10tat1onal length s to the radius r.

position.

&

Direction S . .
of needle’s 0 = — or s = ro (9 1n radlanS)
rotation r
‘ x
o \ , 360° )
Axis of rotation passes through EME‘ME (rad ilan, ﬁEle:’ﬁl rad) - lrad = — = 57.3
origin and points out of page. 2
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B2. IEE angular acceleration

The instantaneous angular

acceleration of a rigid bodys o, = lim AwZ — dwz N o N o .

rotating around the z-axis . Z Ar 50 At dr a and.w in the same and.w in the Opposne
S T direction: Rotation directions: Rotation

... equals the limit of the body’s average angular ... and equals the instantaneous rate of speeding up. slowing down.

acceleration as the time interval approaches zero ... : :

change of the body’s angular velocity.
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a, = constant

VS
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o, = constant



B4. ¥hEmiEM&IEEENXR

Linear speed of a point--.., »*Angular speed of the
SRR on a rotating rigid body S _*,1 rotating rigid body
Distance of that point from rotation axis

Tangential Distance of that point from rotation axis
acceleration of a J d """"
\ \ . . U = .
YihERE—BINRE point on a rotating -+ g = = P
rigid body e dt dr "
Rate of change of ™ “++" Rate of change of

.
.
*
-----

linear speed of that point angular speed of body

Linear speed of that point

Centripetal "y ~Angular speed of body
/= Ny e acceleration of a ----..., IOt
EFINERE—AEE point on arotating ~ %rad — e 8
rigid bod
& y Distance of that point from rotation axis



C. ¥EG)JI&&E rotational inertia
EERIGPE—NESNEEE: U = no  RESEE  smuS= smirie’

MRIAREEREEE: K = 1myriw’® + tmprfe® + o = D mirfe?

SIRIRTR, NUAREMRANAEEERS: K = 3 (miri+ mrit )’ = 5 ( D mir) o’

EX . MRS FE— R e o iR IE

. ) Masses of the particles that make up the body
Moment of inertia SRS S e

of a body for a given - j
rotation axis

Perpendicular distances of the particles from rotation axis

[ is also called the rotational inertia, B 8&BlR=.



. ¥&58l)E)I8E rotational kinetic energy

EX © EGE i nine NI EEENENgEE

Rotational Kinetic energy e Moment of inertia

of a rigid body rotating -==*"*""""* » K = 5 [wQ of body for given
around an axis ' rotation axis
Angular speed of body

— RGN, EIRREDIETE, AREA, HEEaL
RRORIK, FRIOREE, BREHA, EmhHA.

Xitb: F@pEhee: K =;mv?



E1. 3ERRERNS=

* Mass close to axis e Mass farther from axis » Larger mass

* Small moment of inertia * Greater moment of inertia e Greater moment of inertia

* Fasy to start apparatus rotating » Harder to start apparatus rotating e Harder to start apparatus rotating

.““ > < Rotati - '-" ~ = ' _ 5 — &
" otation axis Y — Rotation axis 9 ——Rotation axis
'dib) > z>
2
I = myr{+ myry+

S Sm, ri9iE%




E2. EEEMBREIITE frivl

—J[r? VAN
p = dm/dV I=/r2dm=/r2pdV=p/r2dV _<.r0dsﬁ)jjﬁ
r?pdV 44 73 Afi

\_¢
(a) Slender rod, (b) Slender rod, (c) Rectangular plate, (d) Thin rectangular plate,
axis through center axis through one end axis through center axis along edge

‘
857 -
b /
/ =< : /
w
(e) Hollow cylinder (f) Solid cylinder (g) Thin-walled hollow (h) Solid sphere (i) Thin-walled hollow
cylinder sphere
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Parallel-axis theorem: IR Mass of body
Moment of inertia of a body -++--.., y

o refats - g “Ip = I + Md? Distance between
for a rotation axis through L
point P Moment of inertia of body 101 a two parallel axes

parallel axis through center of mass

VERG: OURH R OB 1 R !

I PR HY4EHHAY

Baseball bat, mass M
Rotation axis 1 through the E
center of mass of the bat.

Moment of 1nenn 101 th1s axis: I,

\/

Rotation axis 2 through point P is
parallel to, and a distance d from, axis 1.
Moment of inertia for this axis: Ip

+ Md?

ot

Parallel-axis theorem: I, = I
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Axis of rotation passing through cm and
perpendicular to the plane of the figure

y Mass element m; Icm = E m; (xiz — yiz)
" i

2mil(x = a)* + (v = b)?]

%) I 2

-~

Second axis of rotation

Emi(xi + yl - ZaEm Xj — 2l:v2m,y,E a2 + b2)zmi
) l
parallel to the one

through the cm
: = | =0 = Md?

cm

\
Slice of a body of mass M




Axis of rotation passing through cm and
perpendicular to the plane of the figure

Yy Mass element m;

Second axis of rotation
parallel to the one
through the cm

\
Slice of a body of mass M

Emi(xf%— y£2) — 26121715)65 — ZbEI’H,yI + ((12 + bz)zmi
= | = Md?

ﬁ J
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2 mi%,
i

miXx + 1 SR%) + m3x3 + .-

Xem — = — O
m1+m2+m3+--- Em
Emiyi

_my tmy, T mays 5 - 0
Yem m1+m2+m3+~-' Zm
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=1, +1,
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B2: HS@EFRFERE

EWmEECSaER dm

m m
J=—
27ZR
2 2 [27R 2
I:dem:iRI dl =mR 5
0

dm=A-dl

lEL‘E.\%l . ﬂ;gf?ﬂ

BRI EMERNENIRE

I, =1,=mR?/2 —
:EL‘E,\%Z: ﬂziﬂﬂ—}ﬁiﬁmllﬁﬁi, sklz dm m
|, =mR* + m,R’
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F. 73%8 (torque, XNUiH%E, moment)
JEERIK

Magnitude of torque ...
due to force F
relative to point O

Magmtude of F~ Ang e between

.
F, tends to cause counterclockwise rotation
about point O, so its torque is positive:

Tl = +F11’1 -
“;.@;@ Line of action
of F]
FHTET, 1EE:
\ p—
L I J—— * Ae
F Lever
) arms of F
»ﬁgﬁ and F,
The line of action of ﬁn
passes through point O, - -
c Line of

so the lever arm and
hence the torque are zero.

IRES5, afE: 4

.
F, tends to cause clockwise rotation about point
0, so its torque is negative: Ty = —IF»l,

. =
action of F,

Lever arm of F

Magnitude of 7 (vector from
.- 0 to where F acts)

-
0
*
I

.

1= Fl = rFsmqb Foant

P’_.
" Tangential
7and F component of F

Three ways to calculate torque:
T=Fl=rFsin¢=F,

7@
(out of page)

/LJ [ = rsin ¢

= lever arm

[~ Line of action of F




F. 73%E
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Axis of rotation

Force close to axis of
ﬁa rotation: not very
effective

Force farther from
axis of rotation:
more effective

Force directed
toward axis of
rotation: no effect

F X925 RO e A—KE:
. Vector from O to where F acts

Torque vector-..
—r . k- N

due t.o force F 12 = P X F. B
relative to point O - Force F

JIRERIIEMIINIRER

FEN:

-
r

F o=
(out of page)

<E D

If you point the fingers of your right hand in
the direction of F and then curl them in the
direction of F', your outstretched thumb points

in the direction of 7. 2
. D 7

(out of page)

<
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Force component Only the tangential
force component

along axis of rotation
: produces a z-com-

Axis of <

rotation pcll;lent of torque.
—€= ___Rotating
body
Path of
particle as
rigid body 1
rotates Radial force

component

X

NEES B

Rotational analog of Newton’s second law for a rigid body:

Net torque on a--.,
A

rigid body E’TZ = lo

about z-axis

IR a0, EiREFAINE
AR RN TR AL nIAHAY

ERIENE:

-------- Moment of inertia of

rigid body about z-axis

{=raa, - =

“ *Angular acceleration of
rigid body about z-axis

Action-reaction force pair Line of action

whose torques cancel: of both forces

Tlon2 — +Fl

Toenill — —Fl I
el on2 /" particle 2

Lever arm [ ---wass== X Tron1
of both forces
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Kinetic energy of translation
of center of mass (Lm)

Kinetic energy of rotation
ar ound axis through cm

......

Kinetic energy of a - -
r@Mbmwwﬁhmml K= ﬂﬂ) I
translation and rotation _~

Mass of rigid body ™

Speed of ¢m

-------- Angular speed
Moment of inertia  of rigid body
of rigid body about

axis through cm

Gel DAL BRI Rz)IRE

dil

TUOHITIRE

p -

NIHARRHMEzsER—E R LA fE I RO RY SR

Axis of rotation

Qw
v
cm @
f’ _________ \'\.
’ \
\ N ]
—
cm
: X
m; v 4

Velocity v; of particle in rotating, translating
rigid body = (velocity v, of center of mass) +
(particle’s velocity v, relative to center of mass)

—

Uf - C -+ U
7 T N
FAERE o FAENT
mohpmer  RURE  migoEE

UEM] LR TRl 5, [ 2241 Tn] BAgZ B )
i U R B RE AR B 2 UEY
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RUMTER + S5
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DRI — N HRYEEED.

The motion of a rigid body Is a combination of translational motion of the center of mass

and rotation around the center of mass.
NI E BiEEh # NE5EED!

The motion of this tossed baton can be
represented as a combination of ...

... translation of ... plus rotation about
the center of mass ... the center of m.

® IXIERVORIIE RS
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(SEFBI=E, translational motion)
P%)

P.@;J: A,
i A«y >f‘z)

Q(ty)

> s RTINS

> RnsIiINIE, ERERRrA R
RAMBRE, HEXE. E
BXEHER

> NIARRIBORB—1 A, B
NIRRT ORIZEIF R A2IEE),
BB B T NIRRT LB 53]




RN ER=hFIEIRIGF: REBiE
B =R AmBIERNEE? 2! Bikokiz RE—mEaRHEEk

WY B

R BRRVGRHBAHAYSE B R] 3 E /9 Se st Aty &
¥+ 5B B B HAIEE ]
]M

ElsitvikimaviEsl < BROBESIKBNERETE + BSRBEORBYE

BER: HIRRF, RARNAREINREL . BREIREL . AR L. BRSIEL. S3hELA BHEEU



H-2. ZBaIRYiEDD

Condition for rolling without slipping:
L Radius of wheel

Speed of center of mass -+ ip. =
cm ¥..

of rolling wheel -+ Angular speed of wheel

Rotation around center of mass:
for rolling without slipping,
speed at rim = v,

Translation of center of mass:
velocity v

cm Combined motion

63’ - ﬁcm 63 = 28(:{11
r
4 L
v = —u
1 = cm

Wheel is instantaneously at rest
where it contacts the ground.

RY P/ >

AT il e B

I, = I, + MR?

K =1L o* = L ,0° + sMR*0® = S1,0% + My’

FTHERER, REAFTE, B

R TCiBEIRRE]

EEFHISLA

IVERREREI T R LR e
FEXEBR, W EREERIRR

B8 WNERIRBERTRIZRSE, RLEE
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FIRERAEEEE?
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-+ Upper limit = final angular position
Work done by..., 9» pp H ! gular posit
" .

a torque 7 " Integral of the torque
‘ W= [ 7.d§ = "° !

o z i with respect to angle
1 .

"o Lower limit = initial angular position

{BENDBIERIINZSTIIRE LB

Work done by Qe ) ‘.:,.-"'"TOI'qU.e ........ .
constant torque 7, W = 7z(92 — 0,) = T, A6O
- A

--------------

Final minus initial angular position = angular displacement

TFERIINERE T IR L RIRE

.- Torque with respect to

Power due to a torque ap ¥ rigid body’s rotation axis
acting on a rigid body = Ty

== Angular velocity of
rigid body about axis

(a)

) Child applies
('\ | tangential force.

AN

1

)

tan

(b) Overhead view of merry-go-round

ds

<

|

e

tan

dW = F,.R do

dW = 7. df



1-2. RS EMEEEIRITEEEIE

dw do
“df = [—dw, = lw, dw,

r.db = (la) df = I— -

TLL

WK EAE BIHIRIREETE |

(work-kinetic energy theorem)

Total work done omn =--... Final rotational kinetic energy

! _ e, W, e e,
a rotating rigid body ’ o S R S T
= work done by the Wiot = lo do, = 31w; _51 Wi,
net external torque ! Initial rotational kinetic energy

SN IREXINWARRT RIS T NHAE s sN8ERTIE &,
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Homework 1

LATYIRRIREISAM, REREFEREMINEDIRE, At
N 3 \
FHHESTE.
(a) Slender rod, (b) Slender rod, (€) Rectangular plate, (d) Thin rectangular plate,
axis through center axis through one end axis through center axis along edge

LL

1

(e) Hollow cylinder (f) Solid cylinder (g) Thin-walled hollow (h) Solid sphere (i) Thin-walled hollow
cylinder sphere

e e N




Homework 2
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