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The Laplace transform

Recall the response of LTI systems to complex exponentials

est ——-{ h(t) J——— y(t) = J_o:oh(r)es(t"”)dr = ¢St j_o:oh(r)e‘“dr

Defineif h(t)e™S"dt = H(s) - y(t) =H(s)e

Definition

X(s) 2 f  (De-stdr

x(t) <L> X(s)



The Laplace transform

Laplace transform vs Fourier transform

x(t) <L> X(s)

X(s) 2 f " restat

§$=Jw / & s=0+jw
X(jw) = j+oox(t)e—jwtdt X(o+jw) = Jr_ X(t)e_(g"'j“))tdt
X(O' +j(1)) = Jr+oo[x(t)e—0't]e—ja)tdt
X(s) e = F{x(t)} X(s) = Flx(t)e ot}
s=0+jw

x(0)} £ Fl{x(t)e ™"} 2




The Laplace transform

Examples
x(t) =e u(t) X(s) =7
Solution
too . * . 1
FT:  X(w) = f e~ M0t = j e-Uwtadtgs — — a>0
0 0 a+jw
IT:  X(s) = f e " Me~Stdt = f e~ (ora)to-jot gy — —,0+a>0
0 0 (c+a)+jw
S=0+jw
e‘atu(t)é 1 Re{s} > —a
S+a 3




The Laplace transform

Examples
x(t) = —e " *u(-t) X(s) =?
Solution
+ 00 0
X(s) = —f e ®u(—t)e Stdt = —f e~ (Statge — , Re{s} < —a
o o s+a
—e "%y (—t) £, 1 Re{s} < —a
S+ a




The Laplace transform

Region of convergence (ROC)

L 1 Q 1
e ®u(t) «<—> —— Re{s}> —a —e My (—t) «—> Re{s} < —a
S+ a S+ a
Im Im
s-plane s-plane
—a Re —da Re

I S
I




The Laplace transform L),

Examples
x(t) = 3e %tu(t) — 2e tu(t) X(s) =2
Solution
+00
X(s) = f [3e72tu(t) — 2e tu(t)]e Stdt
e +oo 3 2 s—1
=3 ~etemst tdt—Zj “te Stu(t)dt = — =
f_ooe e u®) _ooe e~ u(t) s+2 s+1 s?2+43s+2
e tu(t) L, 1 Re{s} > —1
s+1
—2t L 1
e “tu(t) «——> —— Re{s} > -2
s+ 2
—2t —2t £ s—1
e “tu(t) — 2e “tu(t) «—— Re{s} > —1 6

s24+3s+2



The Laplace transform L),

Examples  x(¢) = e=2tu(t) + e t(cos 3t)u(t) X(s) =7

Solution

1 . 1 .
x(t) = [e‘Zt + ie_(l"BJ)t + Ee‘(“‘”)t] u(t)

+ oo + 0o
e~ (=30t (e Stdt + %f e~ (13Dt (e Stdt

+ 0o 1
X(s) = j e *tu(t)e stdt +§f

g 1 !
e tu(t) «— —— Re{s} > -2
S+ 2
. 1
e~ (1731t (¢) P BN —  Re{s}> -1
s+ (1 —3j)
—(1+3))t g 1
e~ 13Dty (1) «—— : Re{s} > —1
s+ (1+3))

X(s) = 1 +1 1 +1 1 _ 25% + 55 + 12 Refsl > —1
Y Ts5¥2 " 2 s+(1-3)) 2\s+@1+3j)) (s2+2s+10)(s+2)’ ets)




The Laplace transform

Pole-zero plot of rational X(s)

N(s) “x”: the location of the root of the numerator polynomial

X(s) = D(S) “0”: the location of the root of the denominator polynomial
Examples
s—1 25% + 55+ 12
_ _ X = ,Reist > —1
dm dm

i X

' s-plane o | s-plane

| E

e :

_5( _?:(. 1 Re —;’( —1: Re
| o
| x :




The Laplace transform L),

Examples
4 1
x(t) = 6(t) — §e_tu(t) + geZtu(t) X(s) =?
Solution
400
{6(t)} = S(t)e Stdt =1 valid for any value of s
— 0 dm
X(s)=1 * 1 +1 L Re{s} > 2 | pPiane
=1—= - e{s |
> 3s+1 3s—2 |
1)2 2 order zero 8 ‘:
= (s Ref{s} > 2 N
(s+ s = 2) T




The Laplace Transform
(ch.9)

[ The region of convergence for Laplace transforms



The region of convergence for Laplace transforms

Properties

1. The ROC of X(s) consists of strips parallel to the jw-axis in the s-plane

ROC of X (s): Fourier transform of x(t)e~?¢ converges (absolutely integrable)

+00
j lx(t)|e~tdt < depends only on o, the real part of s
—00

2. For rational Laplace transforms, the ROC does not contain any poles.

X(s) is infinite at a pole

11



The region of convergence for Laplace transforms

Properties

3. If x(t) is of finite duration and is absolutely integrable, then the ROC is the

entire s-plane.
For convergence, require

T
j lx(t)]|e %tdt < o

Ty
If o > 0,
T T;
f lx(t)|e%tdt < e‘“Tlf |x(t)|dt
T]_ Tl
If o <O,
T2 TZ
J lx(t)|e %tdt < e‘“Tzf |x(t)|dt
T1 Tl

Finite-duration signal

T, T,
Multiplied by a decaying

exponential Decaying exponential
\/

Multiplied by a growing
exponential

Growing exponential

—_——_




The Laplace transform

Examples
e ™ 0<t<T
t) = X =7
x (1) { 0 otherwise (s)
Solution

T 1
X(s) =f e e~ Stdt =
0

_ ,—(s+a)T
S+a[1 ¢ ]

| | % (1 _ e—(s+a)T)_ | o
lim X(s) = lim g = lim Te % e™*
S—>—a S——a % (S + a) S—>—Aa
X(—a)=T

ROC = the entire s-plane

13



The region of convergence for Laplace transforms

Properties

4. If x(t) is right-sided, and if the line Re{s} = g, is in the ROC, then all values
of s for which Re{s} > o, will also be in the ROC.
x(t)

400
For convergence, require f |x(t)]|e %tdt < ‘/\_\/\’\/\\/
Ty

Right-sided signal

For o; > 0y, T, t
+ 00 + 00 Multiplied by an
f lx(t)|e~1tdt =f |x(t)|e~%0te~(01=00)t ¢ \ \{;“1"“” exponential
Ty I e~ 70t /\\\ N\
+00 N
< e~ (@1700)Ts f |x(8)|e =0t dt (M
Ty —

5. If x(t) is left-sided, and if the line Re{s} = gy is in the ROC, then all values of
s for which Re{s} < g, will also be in the ROC. 14



Properties

6. If x(t) is two-sided, and if the line Re{s} = g, is in the ROC, then the ROC will
consist of a strip in the s-plane that includes the line Re{s} = g,.

Im

x (1)

Im

o)
e =

15



Examples

x(t) = e~bltl X(s) =
Solution
x(t) = e Ptu(t) + ePtu(—t)
1
e_btu(t) (L)
s+b
—1
Ss—b
e~ bltl <L> 1 _ 1
s+b s—0b

?
Re{s} > —b
» ; 9m t
< B '
6{5} : ; s-plane
| !
— _ 2b —b < Re{s} < b E ;u
forb > 0 _bf b Bte
i
l




The region of convergence for Laplace transforms

Properties

7. If the Laplace transform X (s) of x(t) is rational, then its ROC is bounded by
poles or extends to infinity. No poles are contained in the ROC.

O If x(t) is left-sided, and if the line Re{s} = g, is in the ROC, then all values of
s for which Re{s} < o, will also be in the ROC.

Q If x(t) is right-sided, and if the line Re{s} = o, is in the ROC, then all values
of s for which Re{s} > g, will also be in the ROC.

8. If the Laplace transform X (s) of x(t) is rational, then if x(t) is right-sided, the
ROC is the region in the s-plane to the right of the right-most pole. The same
applies to the left. 17



The region of convergence for Laplace transforms

Examples
1
X(s) = ROCs and convergence of FT?
(s) (s+1)(s+2) 5
Solution
9m 9 9m Im
s-plane t s-plane : s-plane : : s-plane
| | [
f t 5
XX Re *3 Re o Re () Re
| | L
| | |
Right-sided Left-sided Two-sided

FT converges Has no FT Has no FT

18



The Laplace Transform
(ch.9)

J The inverse Laplace transform



The inverse Laplace transform

X(o+ jw) = F{x(t)e %} = f+oo[x(t)e_“t]e_f‘”tdt

1 (** .
x(e "' =F HX(c +jw)} = Ef X(o+ jw)e!* dw

1 (*® .
x(t) = EJ X(o + jw)el@tioltqy

) S=0+jw
o+ joo ds = jdw

1
x(t) = — X(s)estds
2T Jg_joo

20



The inverse Laplace transform

Examples
— —1 —?
X(s) GiDGT2) Re{s} > x(t)
Solution )
X( ) — 1 — 1 1 : s-plane
> S (s+D(G+2) s+1 s+2 i
e tu(t) PN Re{s} > —1 _f‘-‘_?:f Re
s+1 :
—2t L 1 :
e “tu(t) «—— Re{s} > -2 |
S+ 2

x(t) = (e7t — e ?Hu(t)

21



The inverse Laplace transform

Examples
— ) —?
X(s) GiDGT2) Re{s} < x(t)
Solution )
X( ) — 1 — 1 1 : s-plane
> S (s+D(G+2) s+1 s+2 i
. g 1 X
—e tu(—t) «<—— Re{s} < —1 2 1 Re
s+1 :
—2t L 1 :
—e “tu(—t) «—— Re{s} < =2 |

s+ 2
x(t) = (—e t + e ?Hu(-t)

22



The inverse Laplace transform

Examples
1
X(s) = —2< R —1 t) =?
©) =T heTs 2SRl <1 x
Solution )
X(s) = 1 — 1 _ 1 L s-plane
(s+1(s+2) s+1 s+2 o
Cetu(—t) <o 1 Refs}< -1 EE; Re
s+ 1 o
ot L 1 .
e “tu(t) «—— Re{s} > -2 Lo
S+ 2

x(t) = —e tu(—t) — e ?tu(t)

23



The Laplace Transform
(ch.9)

J Geometric evaluation of the Fourier transform from the pole-zero plot



Geometry evaluation of the Fourier transform from the pole-zero plot

1 Consider X(s) =s—a I

|X(51)| = |51 — al s-plane

<X(sy) =<s; —a ’ s—a
 Consider X(s) =1/(s —a) //\(
1

[ X(s1)| = 5, =
<X(sy1) =—<s;—a .
O Consider X(s) = M ““;;:1(5 — B
Mj=1(S - “J')

ie1ls1 — Bil R P
Xl = M= G = M+ Y a5 —fi- ) 4G
]:1 1 ] 1=1

=1
25



Geometry evaluation of the Fourier transform from the pole-zero plot

Examples
1
X(s) = ST 12 Re{s} > —3 Magnitude and angle at s = jw?
Solution Im
1 s-plane
X(jw) = S
(] ) ](l) + 1/2 jw +%- ®
XG)l? = ——
W —
2+ (1/2)
w2+ (1/2) X o
IX(w) =—tan"! 2w 2

Behavior of the Fourier transform can obtained from the pole-zero plot

26



First-order systems

1 _t
Consider h(t) = ;e_ru(t)
H(s)=——,  Refs}>—-
T +1’ 1
1 1
H ] 2 = . .‘Jm
()l 2 w? + (1/7)?
s-plane
<H(jw) = —tan" ! tw
X/ Re

20 logu;u | Hiw) |

4 Hiw)

20

0dB

Asymptotic
approximation

100/

Asymptotic

w. approximation

_____




Geometry evaluation of the Fourier transform from the pole-zero plot

Second-order systems h(t) = M[e€t — eC2tu(t)
(1)2 (1)2 ¢ = —Cwy + Wn+/ (2 —1
H(s) = = - 2~ - €3 = —Cwp —wpy/ (% — 1
s2+2{w,s +w; (s—c)(s—cy) O
YNICEE
g g
Pole-zero plot (¢ > 1) i Pole vectors (¢ > 1) ™
s-plane s-plane
2w/ 1
] _n_—E——— -ﬁ-

28




Second-order systems

wp

h(t) = M[e“t

H(s) =

Pole-zero plot (0 < { < 1)

s2 4+ 2{w,s + w? N (s—cy)(s—cy)

— et u(t)

M= —=n
2./72 =1
Im
s-plane
£ ene L
g s-plane —_——
\ Lwn
______ wn — 1_{ —
~ n
mn\@ \/ : ;mn
: ___________ I
- I
e |
e cosf=¢{ |
-7 L
Re L Re

Pole vectors (0 < { < 1)
W= wy/(?—1
and w = w2 — 1+ {wy)



Second-order systems h(t) = M[e€t — eC2tu(t)

wp wp

s2 4+ 2{w,s + w? N (s—cy)(s—cy)

H(s) =

* anon-ideal band-pass filter
e ({ controlls the sharpness and width

30




Geometry evaluation of the Fourier transform from the pole-zero plot

All-pass systems

W
<H(jw)=60,—0,=m—20, = — 2tan! (—)

JH(jw)

s-plane

= |

{ H(jw) |

|
]
o ¢
<
&
I

j}.\

[\®]
i

Tt e R

_1
|
(ST

|
=]

31



The Laplace Transform
(ch.9)

1 Properties of the Laplace transform



Properties of the Laplace transform

Linearity

() <= X,(s) ROC =Rl

— x(t) = ax{(t)+bx,(t) <L> aX,(s) + bX,(s)

Q
x,(t) <— X,(s) ROC=R2 ROC contains R1NR2

R1NR?2 is can be empty: x(t) has no Laplace transform

ROC of X(s) can also be larger than R1NR2

33



Properties of the Laplace transform

Example
Consider x(t) = x,(t) — x,(t)

1 1
X,1(s) = s-l——l'Re{S} > —1 X,(s) = GG+ 1D(s + 2);736{5} > —1
X(s) =7

Solution

1 s+1 1
X(s) =

S+1_(s+1)(s+2)=(S+1)(S+2)=(S+2)'
Im Im

e | X, (s)

Re{s} > -2

34




Properties of the Laplace transform

Time shifting

x(t) DL X(s) ROC=R

U

x(t —ty) <L> e StoX(s) ROC=R

Shifting in the s-domain

x(t) DL X(s) ROC=R

U

eSotx(t) <2, X(s—5s;) ROC =R+ Re{sy}
U So = jWo

el @olx(¢t) DL X(s—jwy,) ROC=R



Properties of the Laplace transform

Time scaling

x(t) DL X(s) ROC=R

l

1 S =—1
x(at) <> —X (—) ROC=aR —  x(—t) <> X(-=s) ROC=—R

lal ‘a
ROC of X(s) 9m ROC of - ¥ (5) 9m ROC of - X (ﬁ) I
lal a la| a

! o 0<a<1) ! (—1<a<0) |

f | s-plane l | s-plane l | s-plane

e - |

| R ; ! | |

I i | I I I

| | ] | |

rzi i ry Re ar; E .iarl Re |alry ilalr, @

{ I

| | I ! I |

| I | ! I I

{ | J ! l I

l | b I ; |

I ! ! ! | |




Properties of the Laplace transform

Conjugation

x(t) DL X(s) ROC=R

l

X*(£) <= X*(s*) ROC =R
X(s) =X"(s")if x(t) is real

Convolution property

0 (8) <= X,(s) ROC=R,
— %y (0) * (D) > Xy ()X, (s)

Q
x,(t) «<— X,(s) ROC =R, ROC contains R{NR,

37



Properties of the Laplace transform

Differentiation in the time domain

(£) = X(s)

U
dx(t) &

——>
dt

sX(s)

ROC =R

ROC contains R

Differentiation in the s-domain

(t) <> X(s)

|
g

—tx(t) «<——

dX(s)
ds

ROC =R

ROC =R

1 o+joo

x(t) = — X(s)estds
2T J5_joo

dx(t) 1 gtjeo

—_ X st
7 2] sX(s)estds

g—joo

X(s) = j+oox(t)e_5tdt

dX(s)
ds

J+w(—t)x(t)e‘5tdt

38



Properties of the Laplace transform

Examples
et

(n—l)!e u(t) «—— ?
Solution

Consider x(t) = te ™% u(t)

e~ *u(t) &, Re{s} > —a

s+a
Q df 1 1
te™*u(t) < - ds L + a] N (s + a)? Reis} > —a
t* e 1

?e‘atu(t) < > G+ )3 Re{s} > —a

tn—l
(n—1)!

e " Myu(t) < Re{s} > —a

39

g (s +a)”



Properties of the Laplace transform

Examples
252 +55+5
— — =7
X(s) GrDIG 12 Re{s} > -1 «x(t)
Solution
2 1 3
X(s) = Re{s} > —1

— _I_ ,
(s+1)?% s+1 s+2

x(t) = [2te”t — et + 3e?tu(t)

40



Properties of the Laplace transform

Integration in the time domain

x(t) DL X(s) ROC=R

t
1
f x(t)dt <L> - X(s) ROC contains R N {Re{s} > 0}
—o S

t
f x(t)dt = u(t) * x(t)

u(t) <L> % Re{s} >0

u(t) = x(t) <L> 1X(S) ROC contains R N {Re{s} > 0}
S

41



Properties of the Laplace transform

The initial- and final-theorems

 Initial-value theorem

If

x(t) =0fort <0,

x(t) contains no impulses or higher order singularities at the origin,
Then,

x(01) = Sll_)rglo sX(s)

J Final-value theorem
|f
x(t) =0fort <0,
x(t) has a finite limitas t — oo,
Then,

lim x(t) = limsX(s)
t—oo s—0

42



Summary

Properties of the Laplace transform

TABLE 2.1 PROPERTIES OF THE LAPLACE TRANSFORM
Laplace
Section Property Signal Transform ROC
x(r) X(5) R
II{I] X| l:.ﬂ R|
x:(1) Xa(s) R;
9.5.1 Linearity ax (1) + bxs(1) | aX,(s) + bXa(s) | Atleast R, N R;
9.5.2 Time shifting xr —1y) e " X(s) R
9.53 Shifting in the s-Domain "™ x(r) X5 — 59) Shifted version of R (i.e., 5 is
in the ROC if s — 5y 15 in R)
9.54 | Time scaling x(ar) %x(f) Scaled ROC (i.e., s is in the
\# ROC if s/a is in R)
9.5.5 Conjugation x*(r) X'(s") R
956 Convolution x(1) * x2(0) X, (5)X;(5) At least R, M R
9.5.7 Differentiation in the g x(t) sX(5) At least R
Time Domain f
9.58 Differentiation in the —tx(r) di.l'(.:} R
s-Domain s
959 Integration in the Time j x(r)d(T) 1:{(3} At least R M {Rels} = 0}
Domain - ¥
___________________________________________ e e e e
Initial- and Final-Value Theorems
9.5.10 If x(r) = 0 for r < 0 and x(r) contains no impulses or higher-order singularities at ¢ = 0, then

H0) = lim sX(5)

.—i. -]
If x(1r) = 0 for 1 < 0 and x(r) has a finite Iimitsa.s t—> =, then
lim x(1} = lim £X{(5)
Iy = L T

43



The Laplace Transform
(ch.9)

J Some Laplace transform pairs



Some Laplace transform pairs

TABLE 9.2 LAPLACE TRANSFORMS OF ELEMENTARY FUNCTIONS

Tramsfusrm
pair Signal Transform ROC
1 alry 1 All =
2 ) : Relst = 0
3 ~ul-1) - Rels} < 0
F 1
4 mum ] Rels) =0
! 1 i
3 TR = Rels} = 0
—a 1
[ e ) —r= Refs} = —ax
7 —e " (-1} - 4'_ ~ Hefst < —a
B i e w1 ! Refs} = =ax
{m—= 13 5+ @l"
9 r‘—-lz'“m[ I I Rels} = =ax
[m— 13 (5 + a)n ’
10 &ir =T i All =
g [0 syt Jui) ﬁ Refst = 0
. 1]
12 [sin asgr]uslr) Frg | Belt=0
—_ai 5o B
13 [™ o8 woruir) Gray Twl Rels} > —a
o FAT] _
14 [ gimangalr) Grafial Hefs) = =&
d*6
15 e} = dri’} P All 5
|
16 woalf) = miEh e * i) = Rels} =0 45
H times




The Laplace Transform
(ch.9)

1 Analysis and characterization of LTI systems using the Laplace transform



est [ J—— y(t) = H(s)eSt

H(s) —f h(t)e Stdt

x(t) —[ LTI J—- y(t) = x(t) * h(t)

Y(s) =X(s) H(s)

H(s): system function or transfer function

47



Analysis and characterization of LTIl systems using the Laplace transform

Causality
Causal = ROCof H(s) is a right-half plane Converse is not necssaryily true

A system with rational R ROC of H(s) is the right-half plane to the right of the

H(s) is causal right-most pole
Examples  h(t) = e~tu(t) Causal?
Solution 1 Solution 2
h(t) =0fort <0 H(s) = Reist > —1
(t) () = = {s}
—  Causal —  Causal
Examples  p(t) = ¢!t Causal?
Solution 1 Solution 2
h(t) # 0Ofort <0 H(s) = 2_ - —1 < Re{s} <1
S —



Analysis and characterization of LTIl systems using the Laplace transform

Examples

H(s) = Si—l, Re{s} > —1 Causal?

Solution
L g 1
e tu(t) «<—— Re{s} > —1
s+1 Time-shifting
e e’ = _
e_(t+1)u(t 4 1) : : — RB{S} > —1 x(t) «<—> X(s) ROC=R
S U

< —Sto —
h(t) = et Dyt + 1) x(t —t;) <—> e %X(s) ROC=R

—>  Noncausal

49



Analysis and characterization of LTIl systems using the Laplace transform

Anti-causality

Anti-causal = ROC of H(s) is a left-half plane Converse is not necssaryily true

A system with rational R ROC of H(s) is the left-half plane to the left of the left-
H(s) is anti-causal most pole

50



Analysis and characterization of LTIl systems using the Laplace transform

Stability

Stable < The impulse response of H(s) is absolutely integrable

ll

Stable < The ROC of H(s) includes the entire jw-axis

51



H(s) = Causal? Stable?

(s+1)(s—2)
Solution
2 1 2 1 2 1
h(t) = <§ et + §€2t) u(t) h(t) = §e‘tu(t) - §eZtu(—t) h(t) = — <§ el + §e2t> u(—t)
Im Im 9m
| | I I
| s-plane 1 | s-plane I s-plane
! | J |
! | J ]
: 1N :
X7 }‘ Re —)1;(——?—? Re X195 Re
| | I |
| . :
| | | |
| | [ I
Causal Noncausal Anti-causal

Unstable system Stable system Unstable system



Analysis and characterization of LTIl systems using the Laplace transform

Stability

For a causal system, with rational system function H(s),

Stable << All the poles of H(s) lie in the left-half of the s-plane

OR

Stable & All the poles have negative real parts

Examples

H(s) =

1
(s —2)

Pole: s = —1 Pole: s = 2

Causal = Stable Causal = Unstable o3



Analysis and characterization of LTIl systems using the Laplace transform

Examples

Consider the class of causal second-order systems
h(t) = M[e€t — et u(t)

wn ('Un
H(s) = > > =
24+ 2(w,s + w;y  (s—c)(s—cy)
¢ = —(wy + wy /72— 1
o = ~Gom — T T

w
M = n

2/ -1 o

Is the system stable when { < 0?

9m

s-plane

<0

Re

Solution
Unstable

e M e P

54



1 Examples

dy(t)

3 T 3y(t) = x(t)

sY(s) + 3Y(s) = X(s)

H(S)zs+3

Differential equation: not a complete specification of the LTI system!

Pre-knowledge: if causal h(t) = e >fu(t)
Anti-causal  h(t) = —e 3tu(—t)

55



Analysis and characterization of LTIl systems using the Laplace transform

J Generally
N M
Z . d*y(t) _ z ; d®x(t)
odtk o dtk
k=0 k=0
N M
Z aps® |Y(s) = Z b,s® | X(s)
k=0 k=0 N
- Poles at the solution of z aps® =0
L -
H(s) :ZII\CI_O k _ N . k=0
k=0 kS Y
z kak =0

~ Zeros at the solution of

xn
Il
o
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Analysis and characterization of LTIl systems using the Laplace transform

Examples
dy(t) d*y(t)
—_— L —_ R L
RC o + LC T2 + y(t) = x(t)
x(t)+ C iy(t)
Solution
1/LC
H(s) = /

524+ (R/L)s + (1/LC)

Poles have negative real parts when R > 0,L > 0,and C > 0

— Stable
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Analysis and characterization of LTIl systems using the Laplace transform

Examples relating system behavior to the system function
If the input to an LTI system is x(t) = e 3tu(t)
Then the outputis y(t) = [e”t — e 2 Ju(t)

System function?

Solution
X(s) = S_I_% Ref{s} > -3
Y(s) = GIDG L2 Re{s} > —1
H(s) = % = G +Sl;_(j+ 2 =5 -T—-:I’;53+ > Causal and stable
dz ©) 43 dfl—(tt) +2y(t) = d’;—? + 3x(t) .



Analysis and characterization of LTIl systems using the Laplace transform

Examples relating system behavior to the system function

Given the following information about an LTI system, determine H(s).
1. The system is causal;

2. H(s) is rational and has only two poles ats = —2 and s = 4;
3. Ifx(t) =1,theny(t) =0;
4. h(0%t) =4
Solution
H(s) = p(s) p(s) p(s) is an polynomial in s

(S+2)(S—4)=SZ—ZS—8
p(0) =0 = p(s) =sq(s) g(s) is an polynomial in s
s?q(s) Ks?

i — i — i — s) = K is a constant
i sH () = i g~ im g = 1

4s 4
GrDG_a) | etsi>

K=4 = H(s)=
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Analysis and characterization of LTIl systems using the Laplace transform

Examples relating system behavior to the system function

A stable and causal system with impulse response h(t) and system function H(s),
which is rational and contains a pole at s=-2, and does not have a zero at the origin.

Q F{h(t)e3'} converges. False

A fjozo h(t)dt =0 False

 th(t) is the impulse response of a causal and stable system. True
U dh(t)/dt contains at least one pole in its Laplace transform. True
O A(t) has finite duration. False

d H(s) = H(—s). False

Q lim H(s) = 2. |nsufficient information

S—00
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The Laplace Transform
(ch.9)

1 System function algebra and block diagram representations



System function algebra and block diagram representations

System functions for interconnections of LTI systems

] Parallel interconnection Hy(s)
h(t) = hy(t) + hy(t) X(t) ~——9p y(t)
H(s) = Hi(s) + Hy(s) S—ON

(] Series interconnection
h(t) = hy(t) * hy(t)

x(t) ——~ h1(2 — h2(ts) ——> y(1)
H(S) = H1(S)H2(S) Hy(s) Ho(s) y
] Feedback interconnection
¥(s) = Hy(S)E(S) o —oE
E(s) = X(s) —Z(s) H(s) =
1+ Hi(s)H,(s)
Z(s) = H,(s)Y(s) 20| ot

Ha(s)




System function algebra and block diagram representations

Block diagram representations for causal LTI systems

H(S)=5+3

dy(t)

o T 3y(t) = x(t)

_1/s
H(s) = 1+3/s

Using basic operations: addition,
multiplication, and integration

Y

®

Y

=

Y

Or equivalently

0 |=




H(S)=S+2=( Jlr )(s+2) I E

= y(t)

N 7U > s+2
dz(t)
t) = ——+2z(t
y(O) =— (t) _3
y@t) =e(®) +2z06)
Or equivalently
;? > y(t)
x(t) () e(t) 1 (t) ?
T s
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System function algebra and block diagram representations

Examples: block diagram representations for causal LTI systems
1 1 1 1

1
HS) = i35 +2 T G+1) +2) G+D (+2)

d?y(t) _dy(t)

2
+ 322+ 2y(t) = x(t _4®
dtz d ( ) ( ) Direct form e(t) T dt2
X oy et g W 1 > y(t)
¥ Y
Parallel form -3 i
—0—3 &4
| >
-1 «
x| y(t) Cascade form
-1 x(t) @ - % ;@ > 1§ > y(t)
-(—] I T
t -1 - -2 -«




System function algebra and block diagram representations

Examples: block diagram representations for causal LTI systems

Hs) 25% 4+ 4s — 6
S) =
s+ 3s+2 ‘GP ;C\T\f N
2 4 —6
. x(t) h 1 1\ 1 1\
Direct form >+ 5 e
-3 —2
6 8
Parallel form = —
Hs) =2+ s+2 s+1

_ s+3\/2(s—1)
Cascade form H(s) = (2(:+ 21))(2 I ?) H(s) = <S + 2>< s+ 1 >
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The Laplace Transform
(ch.9)

1 The unilateral Laplace transform



Examples

x(t) = ‘ e~ (t)
(n—1)! )x(t)=0,fort<0

X(s) & G +1a)”' Re{s} > —a

 x(t) =0, fort < 0, the unilateral and bilateral transforms are identical

68



The unilateral Laplace transform

Examples
x(t) = e+ Dy (¢ + 1)

S

e
X(s) = , Re{s} > —a
S+ a

oo

X(s) = J e+ Dy (t + Ve Stdt

— f e—ae—t(s+a)dt

—a

= , R > —
s+a els} “

e x(t) #0,for—1 <t <0, the unilateral and bilateral transforms are different
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The unilateral Laplace transform

Examples
x(t) = 8(t) + 2uq(t) + etu(t)
)x(t) =0,fort <0

X(s) =X(s)
=1+4+2s+ 1
= $(2s — 1), Ref{s} > 1
s—1
Examples
1
X&) =6 DG+2) Re{s} > 1

x(t) =[e t —e ?fu(t) fort >0~
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The unilateral Laplace transform

Examples

S
X(s) =

Re{s} > -2

x(t) = =28() +u(t) + e ?tu(t) fort >0~

d™6(t)
dt™

Note: u,(t) =
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The unilateral Laplace transform

Properties of the unilateral Laplace transform

Property Signal Unilateral Laplace Transform Property Signal Unilateral Laplace Transform
x(r) X(s) ) o 1 d 'r-‘;,:C """ _":
x (1) &L (5) Differentiation in the time Ex(r} 1 3X(s) — x(07) !
() X (5) domain e o e o -
Linearity axi(f) + bxy(t) | ad(s) + bAs(s) Differentiation in the —1x(1) L] X(s)
s-domain s
Shifting in the s-domain e*' x(1) X(s — 5p)
I
Integration in the time J x(t)dTr %El’,'(s)
. o
Time scaling x(ar), a>0 :—]E:C (g) ) d“mam _________________________________________
Initial- and Final-Value Theorems
Conjugation x (1) x *(s) If x(¢) contains no impulses or higher-order singularities at f = 0, then
e T
1 Convolution (assuming | x1(1) * x2(0) X (L) Yy = lim s C
: that x,(r) and x(1) : x(0") = lim s X(s)
1 are identically zero for : lim x(£) = lims((s)
: r< 0] | 1= s—0

Note: no ROC is specified cause it is always the right-half plane
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oo

T fiox(t)e_“dt =sX(s) —x(07)

j°° dx(t)

e Stdt = x(t)e™St

- dt

Similarly §
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Convolution propert | UL
B EIC e Y @ enm 6O
L X5 (8) < Xy(s) Only if x1 (t) and x, (t) are zero for t < 0 |}
e e e e e e -l
J Example A causal LTI system: d;;;(zt) + 3d3;_it) + 2y(t) = x(t)
If: x(t) = au(t), y(t) =?
d Solution Causal = H(s) = H(s) = 52+;S+2
a a2 a a/2

_|_

Y& =HEOX ) = D7~ s s+l s+2

convolution property for unilateral Laplace transforms

1

~y(t) = a E —e t+ Ee‘Zt] u(t)

Note: this can also be done by bilateral Laplace transforms I



The unilateral Laplace transform

Solving differential equations using the unilateral Laplace transform

J Why unilateral Laplace transform? Non-zero initial condition
d?y(t)  _dy(t)

J Example: A LTI system: e + 37 +2y®)=x(t) yO)=p y (0 )=y
If x(t) = au(t), y(t) =?

] Solution .
s2Y(s) = Bs =y +35Y(s) = 36 +2Y(s) =
Y(s) = B(s+3) 1% a

(S+1)(S+2)+(S+1)(S+2)+S(s+ (s + 2)

y() = ULTH{Y(s)}
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The unilateral Laplace transform

Solving differential equations using the unilateral Laplace transform

2
ddjzgt) 3d3;—i) +2y@®) =x(@) y(O)=p y0)=y

If x(t) = au(t), y(t) =?

J Example: A LTI system:

B(s + 3) y i i a

Zero-input response Zero-state response
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