Sampling (ch.7)

] Representation of a Continuous-Time Signal by Its Samples: The
Sampling Theorem



The Sampling Theorem

1 What is sampling?
Converting continuous-time signals to discrete-time signals
d Why sampling?
To use the well-developed digital technology
 But, a signal could not always be uniquely specified by equally-spaced samples

x1(kT) = x(kT) = x3(kT)

x3(t) x(0) Xo(t)

—3T 2T -3T 0 T 2T 2T t

Figure 7.1 Three continuous-time signals with identical values at integer
multiples of T.

 The sampling theorem should be satisfied



The Sampling Theorem L),

Impulse-Train Sampling

p(t)

x(t)aé—»xp(t) Xp (t) = X(t) . p(t)

1 Time domain

8 :
u-—T—} p(t) 00
t) = z 0(t —nT
by OTTTt PO = 2, 8(t=nD)
] O o0
/ /’1\\1_/1/ ""\[/\ N xp(t) = z x(nT) - 6(t —nT)
’1 0 [ e : n=-oo
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The Sampling Theorem

Impulse-Train Sampling

p(t)

x(t)‘—(\g— Xp (t) = x(t) : p(t)

 Frequency domain

1
X,(jw) = %X(iw) * P(jw)

21 2 2
P(/'a))=Tn z 5(w—kws)=?n 6((»—an>
K=—o

K=—o00

XpG0) = 5= [ XGOPG@w - 06 = LS (ko)

K_—oo




The Sampling Theorem

Sampling Theorem

Sampling Theorem:
Let x(¢) be a band-limited signal with X(jw) = 0 for |w| > @ . Then x(1) is uniquely
determined by its samples x(nT),n = 0, =1, £2,..., if

W, > ZwM,
where
2qr
w, = —.
R T

Given these samples, we can reconstruct x(¢) by generating a periodic impulse train in
which successive impulses have amplitudes that are successive sample values. This
impulse train is then processed through an ideal lowpass filter with gain T and cutoff
frequency greater than wys and less than w, — wys. The resulting output signal will
exactly equal x(¢).




The Sampling Theorem

Recovery of the CT signal

1 Ideal low-pass filtering o= S 8t T
" Xpljw)
x(t) H(jw) > X (1)
X (jo) @ H(jw)
/‘1& T Wy <w, <(wg —wy)
Y wp w — g W, o)
(b) (d)
Xp (jw) X, (jw)
1] HGw) — eo>204 /1&
AJ iA
— g W Wy g (0] — Wy oy )



The Sampling Theorem

Sampling with a Zero-order Hold

J Why: Impulse-train is difficult to generate
O Principle: Samples x(t) at a given instant and holds that value until the next instant

f/' h
yi \\_ Z -
/ ML
3

x(t) Zero-order { Xo(t)
hold




The Sampling Theorem

Sampling with a Zero-order Hold

 Equivalent: Impulse-train sampling + an LT1 system with a rectangular impulse response

p(t)

ho ()
X5 ()
x(t) 1 e X (1)
0 T t
/\/_\ N
— Xg (t)
t ///_‘I-T\I\__ o
X)) = xp(O) *h(t) = /— L

- Xp ()




The Sampling Theorem

Sampling with a Zero-order Hold

0 Compensation filter Let Ho(jw)H,(jw) = H(jw)

H(jw): ideal low-pass filter
p(t) _.(])p ..... ( T /2 ? Sln(a)T/Z) a)
ho (t) e/® / / | 7
M 0 L]
X, ) : Xo () he () H.(jw) =<
x(t) : 1 —— . (o) r-——» r(t) r 0 Wy
0 Tt ’ |w| > 7
_ T2 2 sin(wT/2)
Hy(jw) =e
X, (jw) , -3 B ’
P XO(]('U) < H, (o)
|Ho(jw)| 4
I" s“ ﬁ%
0 ]




Sampling (ch.7)

(1 Reconstruction of a Signal from Its Samples Using Interpolation



o) = 3 8t — nT) xr(t) = Xp (t) xh(t) = x(nT) - 6(t — TlT)E * h(t)
I Xp(jw) N Xp (1)
x(t) % H(jw) > X, (f) 00
— z x(nT)[8(t — nT) * h(t) ]

H(jw) n=—oo

T Wy <we <(wg —wypy) o
| | I %, (t) = z x(nT)h(t — nT)
n=—00

Shifted (nT) and weighted [x(nT)] sum of h(t)
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Band-limited interpolation: (ideal low-pass filter)

(0.0)

p(t) = 3 3t — nT) Tw,sinw,(t —nT)

o Xoliew) X,-(t) = z x(nT
r(t) (nT) T w.(t—nT)
x(t) P %

n=—oo

| H(jw) > X, (1)

Tw,sinw,t

h(t) =
(&) T Wt
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Zero-order hold — | |
o || 3 Time domain
X0 - 1 > Xo (1)
O Frequency domain R /‘\/\ Xt
. 2sin(wT /2
Hy(jw) = e JwT/2 [ (w / )] - y

Xp (jw)

Shifted and weighted sum of h(t)



Reconstruction of a Signal Using Interpolation

First-order hold: Impulse-train sampling + an LTI system with a tri angular impulse response

pit)
 Time domain
ot x(t) ——>- (s O - Xt
e I 1 { I} ‘ I T 3 Frequency domain
T 2T
(b) t
. 2
T , 1 [sin(wT/2)
1, Linear interpolation H(w) ==
T w/2
e t H(jo)

T

X,(t) Ideal interpolating
filter
A N
\ o’
4 N 4 ! A a N ! ' bl ]
> ’ N ’ ~ 2 . First-order__
Sy I .o . . hold
~—] | —
Ws wg
2

—g _ 0y 0
2

Shifted and weighted sum of h(t) N




Sampling (ch.7)

of a Signal from Its San

J The Effect of Undersampling: Aliasing

N TN D = RN 7 ) ‘1 Pa]
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X(jw)

Aliasing

fﬂ 11\'
° ° —Wy @ Wy ®
Aliasing
- Xofi)
d When w, < 2wy, the individual spectrums overlap * *t , o
) o :-&51 i l wJ \mt ®
M S M (b) 2 (ws— )
% Xpliw)
0 {\XI)IS ) Rt EEEES m0=2_(é)$
d (0 — wy) f 1 J!. t:f 1
’ —ws . molg;\ (:JS [
 Consider original signal is x(t) = cos wt, with @ 7 (oemeo
different wy but sampled at same wq e o) -
" Nissing mmmepenees o=
TR RN
* When aliasing occurs, the original frequency o, o CE o
takes on the identity of lower frequency (o, -o). ©
Xpliw)
':AI iasing.::.‘ R i, _____ o= 5_;_3_3
EERERIINE N
s (ws—wo) 2 o



Aliasing

Aliasing

x(t) = coswyt Time domain

Orlgmal signal

N\ ) N,
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Aliasing

d w, = 2w, is not sufficient to avoid aliasing

* Consider a signal x(t) = cos(wyt + @) is sampled using impulse
sampling with w; = 2w,

* The reconstructed signal using ideal low-pass filter is
W
x,-(t) = cos(D) cos(7s t) x,-(t) =x(t)onlyif @ = 2kn

* Particularly, if ® = —m/2, then x(t) = sinwyt and x,.(t) = 0

AWAWAWAWAWAWAW
VVV V'V VUV :




Aliasing

Aliasing

A Forsignal with f, > B/2, where f, = (f, + f;)/2and B = f;, — f;

f, = 800 Hz, f;, = 1000 Hz

Determine the lowest f; with no aliasing

1.2 -0.8 -0.4 0 0.4 0.8 12 [kHg]

Q: What about f; = 850 Hz?
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Aliasing

Aliasing

d For harmonic related signal, e.g., a square wave

'| | | | | |'

2T t

|
N
—
I
—
N =
I
e
s
N =
—

° ws > 2Kwgy, with K the kth
harmonics you want to include

| * Low-pass filtering before sampling
% T epelepetereteree
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Sampling (ch.7)

[ Discrete-Time Processing of Continuous-Time Signals



X (t) mmrmp| CONVeErsion to L. | Discrete-time
discrete time system

Conversion to
continous time

d C/D: continuous-to-discrete-time conversion

J D/C: discrete-to-continuous-time conversion

) —>] CP

Xa 1] = X (0T)

Discrete -Time

conversion | :

System

T

T

analog-to-dig'i-tal (A/D) in practice

|
| —
! Yd [Tl] —
Yaln] = yo () ] iy
: D/C. "'C—+
t | conversion| :

digital-to-anala

!

.

g
g
*
o
I o*
.

g (D/A) in practice
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C/D conversion  Time domain

C/D conversion

—————————————————

L !
|
| e [Ts]
| |
Xo () === [to dgl::rete—?ime-_:_’- Xql]
: sequence |
o :
xo (0
T=T1
I // xc(t) <
T 1 t) = (nT) - 8(t — nT
xp( ) = Xc\N ( nT)
O T 2T t Nn=—o~0o
Xg4ln] L

[l k) =0 22
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Discrete-Time Processing of Continuous-Time Signals

C/D conversion  Frequency domain: w for continuous time and ( for discrete time

C/D conversion

—————————————————

1 Spectrum of x4 [n] o o
Conversion of

Xp ) | impulseltrain > x,[n] Xd (e]ﬂ) — z xd [n] e _jnﬂ — z xC (nT)e _jnﬂ

I to discrete-time
! sequence | n=—oo n=—oo
|

 Spectrum of x,,(t)

T=T1 0.0) 00

i xp(t) = Z x.(nT) - 6(t —nT) = Xp(jw)= Z x.(nT) - e~ JonT

F111 n==c nese

X4ln]

 The spectrum of x4 [n] can be obtained from X, (jw) by
TTT replacing w with /T )3

-4-3-2-10 1 2 34 n



Discrete-Time Processing of Continuous-Time Signals

C/D conversion  Frequency domain: w for continuous time and ( for discrete time

C/D conversion

Xs (o)
:I i Conversion of i D Reca”: Xp (iw) - %ZIO{oz_OOX(j(w - k . a)S))
X (t)__.:_,. Xp (1) | ;n;::;tgﬁ;ﬁne-_i_p x4[n] 1A
SRS w1 i .
Xg(1) =2 ) X((@ — 2km)/T).
Xp () o : T L : X, (j)
1 :_ ____________________ I_< ___:_o:)_______________________a: 1 T="T,
111 Fyid t H Xd(efﬂ) is a frequency-scaled version of | |
s t X,(jw), and is periodic with period of 27 -F ° 7
Xd (eiﬂ)
il W Informally 1
1T e tton:timescalingby1/ T /\ _7\ /\
TT  w to(): frequency scaling by T ar - a

-4-3-2-10 1 2 34 n



Discrete-Time Processing of Continuous-Time Signals

D/C conversion

D/C conversion

Q Y, (e/?): Spectrum of y4[n]

Conversion of v () T
discrete-time P

—— s S——_ t
Ya [N | sequence to Ve

impulse train _ Y Ws
2 2

QY,(w): Spectrum of y, ()

Q Y, (jw) can be obtained from Y (e/?)
by replacing () with wT.
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d x.(t): input

Conversion of
impulse train

to sequence

 y.(t): output

Hq (€")

Conversion of
sequence to
impulse train

Yo () T

e N
ws O
2 2

> Yy ()

 The overall system is equivalent to a continuous-time system with

frequency response H,.(jw)

QH.(w) =?
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Discrete-Time Processing of Continuous-Time Signals

Overall system
X (joo) Hg (€!?), X4 (€19
Hg €Y
1 X €%
Sl\ /|<>]><u ()/,< At
-w, 0 Wy —wyT -0 Qp wyT | I P% ‘ I
-0, 0 0 2t QO
(a (d)
He (jw)
p (jo) Xp (jo)
L T T
S — Wy —— 0 c Wy
(b) @)
X4 " H (i), X; (jw)

| L a(e’ |

A, el : HC(](U) = I

/\ A\ / o | 0, @] > wg/2 !
~wgT —awy, T wgl =

(c) ()



| !
| |
| |
[ " !
| i
: X, (t) [Conversion of| x4 [] yq [N] |Conversion off vy, (t) T |
X (1) e impulse train 3= H, (") === sequence to - [T > Y (1)
l to sequence impulse train _O Us @
: 2 2 |
| I
| |
| |
[ |
| o o o e o e  —  —  — — — ——— e —————— . ——— - ]
0 Q=oT
Ho (joo)
Tt TTT T T T T T T |
| !
| |
| |
| |
| T !
i . Hy(e/°T), lo| < wg/2 i
Xg (t) = H.(jw) = d ’ s/ > Ve

0, lw| > wg/?2
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Discrete-Time Processing of Continuous-Time Signals

Digital differentiator: frequency response

 Band-limited CT differentiator < W Corresponding DT differentiator

. j(l), |C()| < a)C :- ------------------------------ :
H.(jw) = ! 19) A ' -
U {O, lw| > w, i Hy(e’") = 7,|Q| <! W = ws/2

| Hg (jo) | | HEe"™) |
I\M ' '
—(;)C o - —27 -7 ™ 27 O

< H, (jw) L He''h

W ) Q
—E 2 29




Discrete-Time Processing of Continuous-Time Signals

x. (1) |Conversion of] x4 [n] yq[n] [Conversion of| v, (1) T
p ( ) d p
u > Ve (1)
to sequence impulse train _ % w

I
I
|
I
I
I
I

X (t)—i-)- impulse train jr—- Hy {e’”) -1 sequence to P ‘”sr
I s
I
| 2
I
I
I
|

O Assume x.(t) = Sin(:f/ D = xq[n] = x.(nT) = %6 [n]
d cos(mt/T) sin(mt/T)
Q y,[n] = y.(nT) ye(t) = ExC(t) = T T 2
(1" (D"
QA y,[n] =1 nr2 n#0 = i~ hgln]l =91 ar ,niOE
0, n=20 i 0, n=0 i 30



Sampling (ch.7)

1 Sampling of Discrete-Time signals



Sampling of Discrete-Time Signals

Impulse train sampling  Time domain

x[n} ——C)f— Xg[N]
o

Pl = S50~ kN x,[n] = x[nlp[n] = z x|kN]8[n — kN]

N: sampling period Nn=—00

]”H“ ]” HHHI” i _ {:)c,[n],ifnisanintegermultipleofN

n otherwise

0 0 0 0 O O
BRI O 0 O O I 32




Sampling of Discrete-Time Signals

. ) N A /\

2
P(e]“)) = Wn— Z 5((1) — ka)s) Wg = ZWT[ 2w Wy (Z) Wy 2t ®
K=-oo Pel)
. 1 . . 2w
O O T A S W . bt
1 Zn © | ﬂ
T o
=2 W), KZOO 5(6 — kws) | X(e/@=9)dg A o < o0 —
. AVANVAN /\ /\ AN
—_— f 6(0 — kws)X(e](w_g))dQ (C) (w —oy)
N K=0"2T Xp(e") Wy > W — Wy
Y A5 h : 1
I 1 : N
iXp(e]w) — N X(e](w k ws)) i :u 2Iw _

e K=0 _ ] (d)
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Sampling of Discrete-Time Signals ,é

| H(jew) e

Impulse train sampling Reconstruction of x[n] @ Frequency domain
xy[n] = x,[n] * h[n] Time domain o
= AN AN
— 2 %[kN] - 8[n — kN]| * h[n] = e
k=—o0 Xo(j) H(jo)
o0 o T
= )" x[kN][6[n — kN] = hn] INININZINGN NN,
k=—o0 Nw, sinw.n w5~ wp
hn] = H(jw)
00 T w:Nn
— 2 x[kNTh[n — kN] — . .
k=—00 —2m u_; 2T w
i ] = i . Nw,sin w.(n — kN) i i
;x”" L N =) | AN / AN



Sampling of Discrete-Time Signals

Decimation (sample rate decrease, SRD) Frequency domain
Time domain )
e Ly B = ) ikl

Xpln] Xb(efw) — Z xp[kN]e—jwk
K=—00 n=kN

0 n
l l . Xp(e) = 2 x,[n]e Jon/N
— _ n=integer
| I ! ] I " number of N
xp[n] = x,[nN] X, (e/?) = z x, [n]e—jon/N

b n - x[nN] i Xb(ej(‘)) = Xp(efw/N) i 35



Sampling of Discrete-Time Signals

Decimation X(e

— Wy W\ ™ 2m w

NAANAAL,

Xb(el )

\A\/\

— Ny, Nwy,

xp[n] = xp[nN] Xp(e7?) = Xp (&)

Down-sampling if Nw,; > m 36



Sampling of Discrete-Time | R TR SRR R -

conversion )
Hd(el"’)

Decimation Xo(jo)

* Prevent aliasing by LPF in
front of SRD = Decimator
1
—2':1'2 —0; W 2I1'r w

—27 -0, W, 2T w



Conversion of

) Ideal lowpass
decimated sequence dea P

Sampling of

Xp [N]  m— — filter —— X[N]
b Hiei "
Interpolation . @
(SRI) o]l Xp[N] Xp(el*)
- A
_ n =27 27T
* Prevent mirrors by LPF after SRI = Interpolator
s 114 xi Xp(e1*)
A
H(w)
| ‘ I [ I ‘ | ‘ ‘ | X_‘: /\Q""](h __1: /\ :r__ -
I
MR n —2 I —I'n' _1r|_ é 1!r ! 21
Upsampling by a factor of 2 ? ?
1111, x[n] X(el)

2A

ey A S



Sampling of Discrete

Interpolation
(SRI)

—2m 167 —’IIIT

* SRD by factor of 4

Xp(e™)

NN

(b)

x() * SRIbyfactorof 8

—2% 17w - w0 ™ 177 2w 0}
9 9 9 9
©
) °
X le®) SRD by factor of 9

e Overall, SRD by factor of 4.5 /\/\/\

—27 —r 0 ™ 2 w 39
(d)



