Time and frequency characterization of
signals and systems (ch.6)

J The magnitude-phase representation of Fourier Transform



The magnitude-phase representation of FT

Magnitude and phase spectrum

F . _ _ o
3 Continuous FT  x(t) «<— X(jw) X(jw) = |X(jw)|e/<¥U®)

1 Discrete FT x[n] «<—— X(e/?) X(e/®) = |X(e/®)|e/<X(€®)

 Amplitude spectrum: |X(jw)| and | X (e/®)|

[ Phase spectrum (angle): zX(jw)and 2X (e/®)



The magnitude-phase representation of FT

Magnitude spectrum Continuous time as an example IX(jw)

] 1/a
IFT: x(t) = %ffoooX(ia))ef“’tda) 2

 IFT: decomposition of the signal x(t) into a "sum" of
complex exponentials at different frequencies
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0 | X(e/®)|: describes the basic frequency content of a signal, and the relative magnitude
of the each frequency (complex exponential)

A |X(jw)|?: energy-density spectrum of x(t)

Q |X(jw)|*dw/2m: energy in the signal between w and w + dw



The magnitude-phase representation of FT

Phase spectrum

3 zX(jw) < relative phase of the each complex exponential
* significant effect on the nature of the signal
* changesin £X(jw) lead to phase distortion

d Example 1: x(t) =1+ %cos(Znt + @) + %COS(‘I-T[t + @,) + %Cos(6nt + @3)

ﬂmﬂmﬂmﬂmﬂg Q1 =@ =¢3=0
@AQMDM @, = 4rad, p, = 8rad, o3 = 12rad

&Mm 0, = 6rad, ¢, = —2.7rad, p; = 0.93rad
AAAAAM% @, = 1.2rad, p, = 4.1rad, p; = —7.02rad
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Time and frequency characterization of
signals and systems (ch.6)

[ The magnitude-phase representation of the frequency response
of LTI systems



The magnitude-phase representation of LTI

Gain and phase shift

J For LTI system  x(¢t)

_h(®) = y(®) = x(8) * h(®

X(jo) — H(jw) F— Y(jo) = H(j0)X(jw)

- The frequency response H(jw) = |H(jw)|e/41U®)
d |H(jw)|: Gain of the LTI system; £H (jw): phase shift of the LTI system
Y(jw) =H(jw)X(jw) = |H(w)||X(jw)|e/“HU®)+2X(jw))

Y(w)| = [Hjo)|IX(w)|  2Y(jw) = £H(jw) + £X(jw)



Linear phase system

x(t)

For Hjw) = e /@t

IHjw)| =1 | £H(jw) = —wt,

£H(jw) is a linear function of w

Output of system:
Y(jw) =H(w)X(w)
= X(jw)e /@t

y(t) = x(t — to)

{ h(t) — y(©)
All-pass system
H(jw)] ZH(jw) Phase shit
1 1
0 o 0 ®
x(t) y(t) Time delay

(@)

t 0 1'0 t

Only for |[Hjw)| =1 ®




The magnitude-phase representation of LTI

Non-linear phase system

x(©) — h(®) — y(»

x(t) y1(t)
H,(jw) = e™/®to

H,(jw) = e“H20%) /\ j\

£H,(jw) is a nonlinear function of w o .
Y2(1) y(D)

For Hjw) = H{(jw)H,(jw)

|H(jw)| =1

¢tH(jw) = —wty +2H, (jw) /\ /\

0 t 0 10
© (d)
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The magnitude-phase representation of LTI

Group delay f
x(©) — h(®) — y(»
 Consider a system with £H (jw) a nonlinear function of w XGio)
w
A For a narrow band input x(t), 2H (jw) = —¢ — aw
Y(jw) = X(jw)|H(jw)|e /Pe 1o
 The time delay «a is referred to as the group delay at w = w, @ @

d
1) = ———{2H (o)}



The magnitude-phase representation of LTI

Group delay: example

x(t)

] Consider

3
H(jo) = | |Hi(jw) Hi(jo) =
i=1

e

y(Q

1 h(E)

1 + (jolo) - 2j (wlw;)

rw. = 315 rad/sec and {; = 0.066,
wy = 943 rad/sec and {; = 0.033,
w3 = 1888 rad/sec and {3 = 0.058.

|H;(jw)| =1= [H(jw)

=1

tH; (jw) = —Zarctan[
3

/H(jw) = z /H; (jw)

=1

1 - (w/w;)?

20 (w/w;) ]

d
1) = ———{2H (jo))

1+ (jolo) + 2jt (wlw))

£H|(jw) principle ¥

_a | |
0 50 100

150 200 250 300 350 400
Frequency (Hz) @)

£H (jw) unwapped

| 1 1 I
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The magnitude-phase representation of LTI

Log-Magnitude and Bode Plots x(t) 4O
;L h(t) J N
Time domain: y(t) = x(¢t) * h(t) Convolution
Frequency domain: Y(jw) = HGw)X(jw) Multiplication
Y(w)| = [H(w)||X(w)]
Y (w) = £tH(jw) + 2X(w) |

Logarithmic amplitude:  log|Y (jw)| = log|H(jw)| + log|X(jw)| ~ Summation

Logarithmic amplitude scale: 20 log,,, referred to as decibels (dB).

Bode plots: Plots of 20log,,|H(jw)|and 2H (jw) versus log,,(w)
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Log-Magnitude and Bode Plots

Magnitude: Plot of 20logo|H(jw)]
vs. logyo(w)

Phase: Plot of 2H(jw) vs. log;o(w)

20
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Figure 6.8 A typical Bode plot. (Note that w is plotted using a logarithmic
scale. )



Time and frequency characterization of
signals and systems (ch.6)

J Time-domain properties of ideal frequency-selective filters



ime-domain properties of ideal frequency-selective filter

Frequency-selective filters

Low-pass filter
High-pass filter
Band-pass filter

We focus on low-pass filter, similar concepts and results for high-pass and
band-pass filters.
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ime-domain properties of ideal frequency-selective filter

Ideal low-pass filters: zero phase

CT DT
N I U 1] Iy . 1, lw| < w
HUjw) = {0» lw| > w, H(e/) = { 0, w.< |w] <7;

Hjw) H(ej“‘)




Ideal low-pass filters: zero phase
d Impulse response:

h(t) = ifoo H(w)e/®dw

2T
1 [ e .
= — 1-e/?dw
2T J)_ .
11 jery @e
21 jt — Wc
B 1 ) isi N = sin w,t
- 2m jt Jsin( wct) = mt
sin w,.n

h(n) = mn

hift}

h(t) =0, w.t = ki, k # 0. w,T,width of h(t) |

hin]

eetle, 111 111, ._J

LM T | o ] flll 2L i “¥¥n
b




s(t

Ideal low-pass filters: zero phase

1.08

}_ Overshoot the final value

Oscillatory behavior

d Step response:

" Rise time: -— to—

Wc W

s(t) =f h(t)dt

T
.

s[n]

s(n) = Zn: h(m)

m=-—oo

,..n.-...,....l.f.n.-......-.i.l.r.-.,t,.rh'ul'l 16



Ideal low-pass filters: linear phase

d Impulse response:

h(t)
IHijo) )
1 VQW%QJXUQWAW%
TWe 0 we w —% uli.: t
(a)
h(t — o)
4 Hjm)=—wm
%..
:\\ I ™ ~
| \I _.av%%@‘ VA -
~we
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Time and frequency characterization of
signals and systems (ch.6)

. Time-domain and frequency-domain aspects of non-ideal filters



Non-ideal filters

Why non-ideal filters

* Gradual transition band is sometimes preferable

* |dea Low-pass filter is not attainable (not causal)

 The more precisely frequency characteristics, the
more complicated or costly the implementation

resistors, capacitors, and operational amplifiers in
continuous time
memory registers, multipliers, and adders in

discrete time

X(jo)

s(t)
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Non-ideal filters

Time and frequency domain Step response of a CT low-pass filter
s(t)
[H(jw)|
1+ 04 .
1 “'61 -" “n‘ I
Passband i Tra;'s_ition E Stopband
5 | : NI
0 Wy o I } ©
* Pass band 0- w, stop band w>ws, * Risetime:t,
transition w; - wy, * Overshoot: A
e Pass-band ripple &, stop-band ripple §, * Ringing frequency: w,

* Linear (nearly) linear phase. * Settling time: ¢ 20



Non-ideal filters

1 v L T T 1_2
e = — — -—-t\ —————————————————————————————————————————
0.9 N | Elliptic flter
a2 \ . Butterwaorth filter
g o7y Magnitude sl
ﬁ 0.6 [
g . Step response
£ osf v 1 06 I
"‘6 L]
8 04 ';.‘
& o3t \ , 04 | i
g V— Butterworth filter
0.2 %
| . 0.2
0.1 F .,
...................... > [
0 200 400 600 800 1,000 1,200 1400 1,600 1,800 2,000 0 & 8 10 12 14 1 18

Frequency (Hz)

Time{msec)

Fifth-order Butterworth filter and a fifth-order elliptic filter

e Same cutoff frequency
 Same passband and stopband ripple

Trade-off between time-domain (t,) and frequency-domain (ws - wy). .



Time and frequency characterization of
signals and systems (ch.6)

[ First-and second-order system



First-order systems

First-order system (Continuous time)

L — -0

x(t)

R

y(t)

—C

o

O Differential equation:

 Frequency response:

o

c dy(t) x()-y(t)
dt R

dec;—it) + y(t) = x(t),T = RC

TjwY(Jw)+Y(w) = X(w)

Yjw) 1

H{jw) = X(Gw) jwr+1

23



First-order systems

First-order system (Continuous time) + 7 time constant
1/1 « t=1,h(t) =1/(te)
/ hit) S(t) =1 — 1/8

O Impulse response  H(iw) = =
(o) jot+1 jw+1/t

F 1 '
e " u(t),a>0 =< > %\\
t

jw +a

h(t) = 1e—’f/fu(t) N
T « 7, h(t) decays more sharply
() s(t) rises more sharply

] Step response

t 1t 0,t<0
— ! ! —_ —t /T ! = ’
s(t) j_ooh(t ) dt Tj() € dt {1—e-t/f,t >0

s(t) = (1—e YY) u(t) N



First-order systems

Bold Plots (Continuous time) H(jw) = -

jot +1 20 o
3 20logqo|H(jw)| = —10log;,[(wT)? + 1] g oce “--J‘h"'ﬁ—:;;:;iti:;iun
N{O w K1/t E—Eﬂ'
20log o(w) — 20log (D), w > 1/T ~ w| 20-dB-per-decade
w = 1/7,20logyo|H(jw)| = —10log,((2) =~ —3dB R— " 07n oor
w = 1/t: break frequency » )
Q 2H(jw) = —tan™ (w7) n et
( 0, w<0.1/t :
= —% llog,o(wt) + 1], 0.1/t<w <10/t .
L —11/2, w =10/t e . | | ,

0.1/ 1t 10/t 10047

w

w=1/t, AH(]'a)) = —n/4 7 1, h(t) and s(t) more sharply, break frequency T.




Second-order systems

Differential equation
dz (t) d (t) o = (1) (dlisplacement)
y . . . y / Spring k
m e x(t) —ky(t)—b ar f—&m—r Mass |y wpplid force
! I e)e)
d?y(t) (b\dy(t) [k 1
it <m) gt T\m)Y =50
1 2 _ k W = E ( — —b 2 —
o Tm toym 2Vkm “On =
d?y(t dy(t
gl,t( ) + 2(%% + wnzy(t) = wnzx(t)
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Second-order systems

J Frequency response:

2
‘ gft) + 20w ndfl( ) 4 wn2y(8) = wn2x(0)

(Jw)?Y(jw) + 2w, jw)Y (jo) + 0,°Y (jo) = w,*X ()

W,

(Jw)*+2{w,(jw) + w,?

H(w) =
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Second-order systems

d Impulse response:

(Jw)*+2{w,(jw) + wy,?

» { =1 (Critically damped)

~ h(t) = w,“te”nty(t) . H(jw) =

Since: te %u(t) ——— (o + a)?

28



Second-order systems

Impulse response: ¢y, ¢3:1o0ts of (jw)? + 2w, (jw) + w2 =0
W M M,
(Jw—c)(w —c3) (Jw—c1) (w—cy)
€1 = —(wn + /(2 =1, 3= —{wp — wpy/{2— 1
le

=2\/(2—1

h(t) = M[e“1t — e 2t u(t)

e (#1 H(w) =

29



Second-order systems

 Impulse response:

h(t) = M[e“1t — e 2t u(t)

1= —Sn + o =1, o= ~w e -1 M=o

e (>1
¢, and ¢, are real numbers

h(t) is the difference between two exponentials

Over damped

30



Second-order systems

d Impulse response:
0<{<1 h(t) = M[e1t — et u(t)

_ . ;)zn_ - [e(—(wn+wn\/m)t _ e(—Cwn—wnm)t] u(t)
wyes@nt

27— 1

[ejwn 1_€2t — e_jwn 1_<2t:| u(t)

NI

—(Jwnt
= 03116__(2 [sin(w,+/1 — (% t)]u(t) Damped

[2) sin(wny/1 = ¢2 t)]u(t)




Second-order systems

 Impulse response:

h _ wpe~S@nt T >
hit)/e, i:ﬁ;;} /Damped. (t) = — [sin(w,/1 — {2 £)]u(t)

£=04
¢=0.7
£=1

Critically damped, h(t) = w,*te”“ntu(t)

¢ =15——> Over-damped: h(t) =

[e€1t — eC2tu(t)

(: damping ratio wy,: un-damped natural frequency
32



Second-order systems

 Step response

t t
CFL o sw=| heyar=m f ecrt’ — ecat’ gy’ h(£) = M[e®" — e Ju(®)
) 0
( 0,t<O0 - ot
— eclt’ eczt’ t eC1t eczt — 1+M e _e ’ U(t)
M( — )l =1 + M - ,t > 0 C1 Co
\ C1 c; °°0 C1 by)

(=1 h(t) = w,*te"“nty(t)

t

t

!/ !/

s(t) =f w,’t'e”nt dt' = —a)nf t' de “nt
0

s(t) =

‘

\

1 — e @t —, te~“ntu(t)

0

0,t<0
t

, 1 t _ ’ , _ _
<—a)nte Wnt |O—j e “nt d(—w,t") =1—e %t —w, te @t t >0

0
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Second-order systems

 Step response

s(t)
2L

34



Second-order systems

w, > 1

d Bold plots  H(jw) = G0)2+20w,(j0) + 0,2 (w/w,)2+20(jw/w,) + 1

20logyo|H(jw)| = —20logyo|jw/wn)?+2{(jw/wn) + 1

2712 2
= —10lo 1-— d + 42 il
810 o, w0,

_ 0, w K Wy,
~ | —40log,yw + 40log,wy, W > Wy,

(0, w < 0.1w,
2¢(w/wy) T w
" _ _1 ~ e -
/H(jw) = —tan L w0 2| = { — > log4, o +1[,01lw, <w < 10w,
. w2 10w,
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Second-order systems

1 Bold plots

20log19|H(jw)| 2H(jw)
20
=01
0dB 0 {':;';_4
E - 1/d
i 20 3 Asymptotic
§ T —-wi2 | approximation
L —40 ot
& ~3w/4 |
-60
T -
—-80 I 1 I |
0.0, Wy, 10wy, 1000, 0.1w, w, 10w, 100w,
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