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The magnitude-phase representation of FT
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Magnitude and phase spectrum

𝑥 𝑡
ℱ

𝑋 𝑗𝜔 Continuous FT 𝑋(𝑗𝜔) = |𝑋(𝑗𝜔)|𝑒𝑗∠𝑋(𝑗𝜔)

 Discrete FT 𝑥[𝑛] 𝑋 𝑒𝑗𝜔 𝑋(𝑒𝑗𝜔) = |𝑋(𝑒𝑗𝜔)|𝑒𝑗∠𝑋(𝑒
𝑗𝜔)

 Amplitude spectrum: 𝑋 𝑗𝜔 and |𝑋(𝑒𝑗𝜔)|

 Phase spectrum (angle): ∠𝑋(𝑗𝜔)and ∠𝑋(𝑒𝑗𝜔)



The magnitude-phase representation of FT
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Magnitude spectrum

 IFT: decomposition of the signal 𝑥 𝑡 into a "sum" of 
complex exponentials at different frequencies

 |𝑋(𝑒𝑗𝜔)|: describes the basic frequency content of a signal, and the relative magnitude 
of the each frequency (complex exponential)

 |𝑋(𝑗𝜔)|2: energy-density spectrum of 𝑥 𝑡

 |𝑋(𝑗𝜔)|2𝑑𝜔/2𝜋: energy in the signal between 𝜔 and 𝜔 + 𝑑𝜔

IFT: 𝑥 𝑡 =
1

2𝜋
∞−
∞

𝑋(𝑗𝜔)𝑒𝑗𝜔𝑡𝑑𝜔

Continuous time as an example



The magnitude-phase representation of FT
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Phase spectrum

 ∠𝑋(𝑗𝜔) • relative phase of the each complex exponential
• significant effect on the nature of the signal
• changes in ∠𝑋(𝑗𝜔) lead to phase distortion

 Example 1:  𝑥 𝑡 = 1 +
1

2
cos 2𝜋𝑡 + 𝜑1 +

1

2
cos 4𝜋𝑡 + 𝜑2 +

1

2
cos(6𝜋𝑡 + 𝜑3)

𝜑1 = 𝜑2 = 𝜑3 = 0

𝜑1 = 4𝑟𝑎𝑑, 𝜑2 = 8𝑟𝑎𝑑, 𝜑3 = 12𝑟𝑎𝑑

𝜑1 = 6𝑟𝑎𝑑, 𝜑2 = −2.7𝑟𝑎𝑑, 𝜑3 = 0.93𝑟𝑎𝑑

𝜑1 = 1.2𝑟𝑎𝑑, 𝜑2 = 4.1𝑟𝑎𝑑, 𝜑3 = −7.02𝑟𝑎𝑑
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The magnitude-phase representation of LTI
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Gain and phase shift

 For LTI system ℎ(𝑡) 𝑦 𝑡 = 𝑥 𝑡 ∗ ℎ(𝑡)𝑥 𝑡

𝐻 𝑗𝜔 𝑌 𝑗𝜔 = 𝐻 𝑗𝜔 𝑋(𝑗𝜔)𝑋(𝑗𝜔)

 The frequency response 𝐻(𝑗𝜔) = |𝐻(𝑗𝜔)|𝑒𝑗∠𝐻(𝑗𝜔)

𝑌 𝑗𝜔 = 𝐻 𝑗𝜔 𝑋 𝑗𝜔 = |𝐻(𝑗𝜔)||𝑋(𝑗𝜔)|𝑒𝑗 ∠𝐻 𝑗𝜔 +∠𝑋(𝑗𝜔)

 |𝐻 𝑗𝜔 |: Gain of the LTI system; ∠𝐻(𝑗𝜔): phase shift of the LTI system

|𝑌 𝑗𝜔 | = |𝐻 𝑗𝜔 ||𝑋 𝑗𝜔 | ∠𝑌 𝑗𝜔 = ∠𝐻 𝑗𝜔 + ∠𝑋 𝑗𝜔



The magnitude-phase representation of LTI
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Linear phase system

𝒙(𝒕) 𝒚(𝒕)
Output of system：

For 𝑯 𝒋𝝎 = 𝒆−𝒋𝝎𝒕𝟎

|𝐻 𝑗𝜔 | = 1 ∠𝐻 𝑗𝜔 = −𝜔𝑡0

All-pass system

𝑌 𝑗𝜔 = 𝐻 𝑗𝜔 𝑋 𝑗𝜔

= 𝑋(𝑗𝜔)𝑒−𝑗𝜔𝑡0

y(t) = 𝑥(𝑡 − 𝑡0)

Phase shit

Time delay

ℎ(𝑡) 𝑦 𝑡𝑥 𝑡

∠𝐻 𝑗𝜔 is a linear function of 𝜔

Only for |𝐻 𝑗𝜔 | = 1



The magnitude-phase representation of LTI
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Non-linear phase system

𝐻1(𝑗𝜔) = 𝑒−𝑗𝜔𝑡0

𝐻2(𝑗𝜔) = 𝑒∠𝐻2(𝑗𝜔)

For 𝑯 𝒋𝝎 = 𝑯𝟏 𝒋𝝎 𝑯𝟐(𝒋𝝎)

|𝐻 𝑗𝜔 | = 1

𝒙(𝒕)

∠𝐻2(𝑗𝜔) is a nonlinear function of  𝜔

∠𝐻 𝑗𝜔 = −𝜔𝑡0 +∠𝐻2 𝑗𝜔

𝒚𝟏(𝒕)

𝒚𝟐(𝒕) 𝒚(𝒕)

ℎ(𝑡) 𝑦 𝑡𝑥 𝑡



The magnitude-phase representation of LTI
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Group delay

 Consider a system with ∠𝐻(𝑗𝜔) a nonlinear function of  𝜔

ℎ(𝑡) 𝑦 𝑡𝑥 𝑡

 For a narrow band input 𝑥 𝑡 , ∠𝐻 𝑗𝜔 ≃ −𝜙 − 𝛼𝜔

X(𝒋𝝎)

𝝎𝝎𝟎

𝑌 𝑗𝜔 ≃ 𝑋(𝑗𝜔)|𝐻(𝑗𝜔)|𝑒−𝑗𝜙𝑒−𝑗𝛼𝜔

 The time delay 𝛼 is referred to as the group delay at 𝜔 = 𝜔0

𝜏 𝜔 = −
𝑑

𝑑𝜔
{∠𝐻 𝑗𝜔 }
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Group delay: example
ℎ(𝑡)

𝑦 𝑡𝑥 𝑡

𝐻𝑖 𝑗𝜔 = 1 ⇒ 𝐻 𝑗𝜔 = 1

∠𝐻𝑖 𝑗𝜔 = −2arctan
2𝜁𝑖(𝜔/𝜔𝑖)

1 − (𝜔/𝜔𝑖)
2

∠𝐻 𝑗𝜔 =

𝑖=1

3

∠𝐻𝑖 𝑗𝜔 𝜏 𝜔 = −
𝑑

𝑑𝜔
{∠𝐻 𝑗𝜔 }

∠𝐻 𝑗𝜔 principle

∠𝐻 𝑗𝜔 unwapped

𝜏 𝜔

ℎ 𝑡

 Consider
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Log-Magnitude and Bode Plots
ℎ(𝑡)

𝑦 𝑡𝑥 𝑡

log 𝑌 𝑗𝜔 = log 𝐻 𝑗𝜔 + log|𝑋(𝑗𝜔)|

Logarithmic amplitude scale: 20 log10, referred to as decibels (dB).

Bode plots: Plots of 20log10|𝐻 𝑗𝜔 |and ∠𝐻 𝑗𝜔 versus log10 𝜔

𝑦 𝑡 = 𝑥 𝑡 ∗ ℎ(𝑡)

𝑌 𝑗𝜔 = 𝐻 𝑗𝜔 𝑋(𝑗𝜔)

|𝑌 𝑗𝜔 | = |𝐻 𝑗𝜔 ||𝑋 𝑗𝜔 |

∠𝑌 𝑗𝜔 = ∠𝐻 𝑗𝜔 + ∠𝑋 𝑗𝜔

Time domain:

Frequency domain:

Logarithmic amplitude:

Convolution

Multiplication

Summation
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Log-Magnitude and Bode Plots

Magnitude: Plot of 20log10|𝐻 𝑗𝜔 |
vs. log10 𝜔

Phase: Plot of ∠𝐻 𝑗𝜔 vs. log10 𝜔

𝜔Length of the axis: log10 𝜔
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Time-domain properties of ideal frequency-selective filters
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Frequency-selective filters

Low-pass filter

High-pass filter

Band-pass filter

We focus on low-pass filter, similar concepts and results for high-pass and 
band-pass filters.
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Ideal low-pass filters: zero phase

CT DT

H 𝑗𝜔 = ቊ
1, |𝜔| ≤ 𝜔𝑐

0, |𝜔| > 𝜔𝑐
H 𝑒𝑗𝜔 = ቊ

1, |𝜔| ≤ 𝜔𝑐

0, 𝜔𝑐< |𝜔| < 𝜋



Time-domain properties of ideal frequency-selective filters
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Ideal low-pass filters: zero phase

ℎ 𝑡 =
1

2𝜋
න
−∞

∞

H 𝑗𝜔 𝑒𝑗𝜔𝑡𝑑𝜔

=
1

2𝜋
න
−𝜔𝑐

𝜔𝑐

1 ∙ 𝑒𝑗𝜔𝑡𝑑𝜔

=
1

2𝜋
∙
1

𝑗𝑡
𝑒𝑗𝜔𝑡|

𝜔𝑐

−𝜔𝑐

=
1

2𝜋
∙
1

𝑗𝑡
∙ 2𝑗sin( 𝜔𝑐𝑡) =

sin 𝜔𝑐𝑡

𝜋𝑡

ℎ 𝑛 =
sin 𝜔𝑐𝑛

𝜋𝑛

ℎ 𝑡 = 0, 𝜔𝑐𝑡 = 𝑘𝜋, 𝑘 ≠ 0. 𝜔𝑐↑,width 𝑜𝑓 ℎ(𝑡) ↓

𝑡 = 0，ℎ 𝑡 =
𝜔𝑐

𝜋
.  Impulse response:
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 Step response:

𝑠 𝑡 = න
−∞

𝑡

ℎ(𝜏)𝑑𝜏

𝑠 𝑛 = 

𝑚=−∞

𝑛

ℎ(𝑚)

Overshoot the final value

Oscillatory behavior

Rise time: -
𝝅

𝝎𝒄
to

𝝅

𝝎𝒄

Ideal low-pass filters: zero phase
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Ideal low-pass filters: linear phase

 Impulse response:
h t

h t − α
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Non-ideal filters
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Why non-ideal filters

• Idea Low-pass filter is not attainable (not causal)

• Gradual transition band is sometimes preferable

• resistors, capacitors, and operational amplifiers in 
continuous time 

• memory registers, multipliers, and adders in 
discrete time

• The more precisely frequency characteristics, the 
more complicated or costly the implementation 



Non-ideal filters
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Time and frequency domain Step response of a CT low-pass filter

• Rise time: 𝑡𝑟
• Overshoot: ∆
• Ringing frequency: 𝜔𝑟

• Settling time: 𝑡𝑠

• Pass band 0- 𝜔𝑝, stop band 𝜔>𝜔𝑠, 

transition 𝜔𝑠 - 𝜔𝑝

• Pass-band ripple 𝛿1, stop-band ripple 𝛿2
• Linear (nearly) linear phase.



Non-ideal filters
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An example

• Fifth-order Butterworth filter and a fifth-order elliptic filter 
• Same cutoff frequency
• Same passband and stopband ripple 

Magnitude

Step response

Trade-off between time-domain (𝑡𝑠) and frequency-domain (𝜔𝑠 - 𝜔𝑝).
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First-order systems
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First-order system (Continuous time)

𝜏
𝑑𝑦(𝑡)

𝑑𝑡
+ 𝑦 𝑡 = 𝑥 𝑡 , 𝜏 = 𝑅𝐶

 Differential equation:

𝐻 𝑗𝜔 =
𝑌 𝑗𝜔

𝑋 𝑗𝜔
=

1

𝑗𝜔𝜏 + 1

 Frequency response:

𝒙(𝒕) 𝒚(𝒕)

𝐶
𝑑𝑦(𝑡)

𝑑𝑡
=
𝑥(𝑡)− 𝑦 𝑡

𝑅

𝜏𝑗𝜔𝑌(𝑗𝜔) + 𝑌(𝑗𝜔) = 𝑋(𝑗𝜔)



First-order systems
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First-order system (Continuous time)

 Impulse response 𝐻 𝑗𝜔 =
1

𝑗𝜔𝜏 + 1

𝑒−𝑎𝑡𝑢 𝑡 , 𝑎 > 0
1

𝑗𝜔 + 𝑎

ℱ

=
1/𝜏

𝑗𝜔 + 1/𝜏

ℎ 𝑡 =
1

𝜏
𝑒−𝑡/𝜏𝑢(𝑡)

𝑠 𝑡 = න
−∞

𝑡

ℎ 𝑡′ 𝑑𝑡′ =
1

𝜏
න
0

𝑡

𝑒−𝑡
′/𝜏 𝑑𝑡′ = ቊ

0, 𝑡 < 0

1−𝑒−𝑡/𝜏, 𝑡 ≥ 0

 Step response

𝑠 𝑡 = (1−𝑒−𝑡/𝜏) 𝑢 𝑡

• 𝜏: time constant

• 𝑡 = 𝜏, ℎ 𝑡 = 1/(𝜏𝑒)
𝑠 𝑡 = 1 − 1/𝑒

• 𝜏 ↓, ℎ 𝑡 decays more sharply
𝑠 𝑡 rises more sharply
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Bold Plots (Continuous time)

20-dB-per-decade

𝐻 𝑗𝜔 =
1

𝑗𝜔𝜏 + 1

 𝟐𝟎𝐥𝐨𝐠𝟏𝟎 𝑯 𝒋𝝎 = −10log10[ 𝜔𝜏
2 + 1]

≃ ቊ
0, 𝜔 ≪ 1/𝜏

−20log10 𝜔 − 20log10 𝜏 , 𝜔 ≫ 1/𝜏

𝜔 = 1/𝜏, 20log10 𝐻 𝑗𝜔 = −10log10 2 ≃ −3𝑑𝐵

 ∠𝑯 𝒋𝝎 = −tan−1(𝜔𝜏)

≃ ൞

0, 𝜔 ≤ 0.1/𝜏

−
𝜋

4
log10 𝜔𝜏 + 1 , 0.1/𝜏 ≤ 𝜔 ≤ 10/𝜏

−𝜋/2, 𝜔 ≥ 10/𝜏

𝜔 = 1/𝜏：break frequency

𝜔 = 1/𝜏, ∠𝐻 𝑗𝜔 = −𝜋/4 𝜏 ↓, ℎ 𝑡 and 𝑠 𝑡 more sharply, break frequency ↑. 
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Differential equation

𝑑2𝑦(𝑡)

𝑑𝑡
+ 2𝜁𝜔𝑛

𝑑𝑦 𝑡

𝑑𝑡
+𝜔𝑛

2𝑦(𝑡) = 𝜔𝑛
2𝑥 𝑡

𝑚
𝑑2𝑦(𝑡)

𝑑𝑡
= 𝑥 𝑡 − 𝑘𝑦 𝑡 − 𝑏

𝑑𝑦 𝑡

𝑑𝑡

𝑑2𝑦(𝑡)

𝑑𝑡
+

𝑏

𝑚

𝑑𝑦 𝑡

𝑑𝑡
+

𝑘

𝑚
𝑦 𝑡 =

1

𝑚
𝑥 𝑡

𝜔𝑛 =
𝑘

𝑚
𝜁 =

𝑏

2 𝑘𝑚
𝜔𝑛

2 =
𝑘

𝑚
2𝜁𝜔𝑛 =

𝑏

𝑚
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𝑑2𝑦(𝑡)

𝑑𝑡
+ 2𝜁𝜔𝑛

𝑑𝑦 𝑡

𝑑𝑡
+ 𝜔𝑛

2𝑦(𝑡) = 𝜔𝑛
2𝑥 𝑡

Frequency response:

𝐻 𝑗𝜔 =
𝜔𝑛

2

(𝑗𝜔)2+2𝜁𝜔𝑛(𝑗𝜔) + 𝜔𝑛
2

(𝑗𝜔)2𝑌(𝑗𝜔) + 2𝜁𝜔𝑛(𝑗𝜔)𝑌(𝑗𝜔) + 𝜔𝑛
2𝑌(𝑗𝜔) = 𝜔𝑛

2𝑋(𝑗𝜔)
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Impulse response:

• 𝜁 = 1 (Critically damped)

𝐻 𝑗𝜔 =
𝜔𝑛

2

(𝑗𝜔 + 𝜔𝑛)
2∴ ℎ 𝑡 = 𝜔𝑛

2𝑡𝑒−𝜔𝑛𝑡𝑢(𝑡)

1

(𝑗𝜔 + 𝑎)2𝑡𝑒−𝑎𝑡𝑢(𝑡)
ℱ

𝐻 𝑗𝜔 =
𝜔𝑛

2

(𝑗𝜔)2+2𝜁𝜔𝑛(𝑗𝜔) + 𝜔𝑛
2

ℱ
ℎ 𝑡

ℱ

Since: 
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Impulse response:

• 𝜁 ≠ 1

𝑐1 = −𝜁𝜔𝑛 + 𝜔𝑛 𝜁2 − 1, 𝑐2= −𝜁𝜔𝑛 − 𝜔𝑛 𝜁2 − 1

𝑀1 = 𝑀2 = 𝑀 =
𝜔𝑛

2 𝜁2 − 1

ℎ 𝑡 = 𝑀[𝑒𝑐1𝑡 − 𝑒𝑐2𝑡]𝑢(𝑡)

𝐻 𝑗𝜔 =
𝜔𝑛

2

(𝑗𝜔 − 𝑐1)(𝑗𝜔 − 𝑐2)
=

𝑀1

(𝑗𝜔 − 𝑐1)
−

𝑀2

(𝑗𝜔 − 𝑐2)

𝑐1, 𝑐2: roots of (𝑗𝜔)
2 + 2𝜁𝜔𝑛 𝑗𝜔 + 𝜔𝑛

2 = 0
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Impulse response:

• 𝜁 > 1

ℎ 𝑡 = 𝑀[𝑒𝑐1𝑡 − 𝑒𝑐2𝑡]𝑢(𝑡)

𝑐1 = −𝜁𝜔𝑛 +𝜔𝑛 𝜁2 − 1, 𝑐2= −𝜁𝜔𝑛 −𝜔𝑛 𝜁2 − 1 𝑀 =
𝜔𝑛

2 𝜁2 − 1

𝑐1 and 𝑐2 are real numbers  

ℎ(𝑡) is the difference between two exponentials

Over damped
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Impulse response:

ℎ 𝑡 = 𝑀[𝑒𝑐1𝑡 − 𝑒𝑐2𝑡]𝑢(𝑡)0 < 𝜁 < 1

=
𝜔𝑛

2 𝜁2 − 1
[𝑒

−𝜁𝜔𝑛+𝜔𝑛 𝜁2−1 𝑡
− 𝑒

−𝜁𝜔𝑛−𝜔𝑛 𝜁2−1 𝑡
] 𝑢(𝑡)

=
𝜔𝑛𝑒

−𝜁𝜔𝑛𝑡

2 𝜁2 − 1
𝑒𝑗𝜔𝑛 1−𝜁2𝑡 − 𝑒−𝑗𝜔𝑛 1−𝜁2𝑡 𝑢(𝑡)

=
𝜔𝑛𝑒

−𝜁𝜔𝑛𝑡

2 𝜁2 − 1
[2𝑗 sin(𝜔𝑛 1 − 𝜁2 𝑡)]𝑢(𝑡)

Damped=
𝜔𝑛𝑒

−𝜁𝜔𝑛𝑡

1 − 𝜁2
[sin(𝜔𝑛 1 − 𝜁2 𝑡)]𝑢(𝑡)
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Damped: ℎ(𝑡) =
𝜔𝑛𝑒

−𝜁𝜔𝑛𝑡

1−𝜁2
[sin(𝜔𝑛 1 − 𝜁2 𝑡)]𝑢(𝑡)

𝜁: damping ratio

Impulse response:

Critically damped, ℎ 𝑡 = 𝜔𝑛
2𝑡𝑒−𝜔𝑛𝑡𝑢(𝑡)

𝜔𝑛: un-damped natural frequency

Over-damped: ℎ 𝑡 =
𝜔𝑛

2 𝜁2−1
[𝑒𝑐1𝑡 − 𝑒𝑐2𝑡]𝑢(𝑡)
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ℎ 𝑡 = 𝑀[𝑒𝑐1𝑡 − 𝑒𝑐2𝑡]𝑢(𝑡)𝜁 ≠ 1

𝜁 = 1 ℎ 𝑡 = 𝜔𝑛
2𝑡𝑒−𝜔𝑛𝑡𝑢(𝑡)

=

0, 𝑡 < 0

𝑀(
𝑒𝑐1𝑡

′

𝑐1
−
𝑒𝑐2𝑡

′

𝑐2
)|
𝑡
0
= 1 +𝑀

𝑒𝑐1𝑡

𝑐1
−
𝑒𝑐2𝑡

𝑐2
, 𝑡 ≥ 0

= 1 +𝑀
𝑒𝑐1𝑡

𝑐1
−
𝑒𝑐2𝑡

𝑐2
𝑢(𝑡)

=

0, 𝑡 < 0

−𝜔𝑛𝑡
′𝑒−𝜔𝑛𝑡

′
|
𝑡
0
− න

0

𝑡

𝑒−𝜔𝑛𝑡
′
𝑑(−𝜔𝑛𝑡

′) = 1 − 𝑒−𝜔𝑛𝑡 −𝜔𝑛 𝑡𝑒
−𝜔𝑛𝑡, 𝑡 ≥ 0

𝑠 𝑡 = න
−∞

𝑡

ℎ 𝑡′ 𝑑𝑡′ = 𝑀න
0

𝑡

𝑒𝑐1𝑡
′
− 𝑒𝑐2𝑡

′
𝑑𝑡′

s 𝑡 = [1 − 𝑒−𝜔𝑛𝑡 −𝜔𝑛 𝑡𝑒
−𝜔𝑛𝑡]𝑢(𝑡)

𝑠 𝑡 = න
0

𝑡

𝜔𝑛
2𝑡′𝑒−𝜔𝑛𝑡

′
𝑑𝑡′ = −𝜔𝑛න

0

𝑡

𝑡′ 𝑑𝑒−𝜔𝑛𝑡
′

 Step response
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 Step response
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 Bold plots 𝐻 𝑗𝜔 =
𝜔𝑛

2

(𝑗𝜔)2+2𝜁𝜔𝑛(𝑗𝜔) + 𝜔𝑛
2 =

1

(𝑗𝜔/𝜔𝑛)
2+2𝜁(𝑗𝜔/𝜔𝑛) + 1

𝟐𝟎𝐥𝐨𝐠𝟏𝟎 𝑯 𝒋𝝎 = −20log10|(𝑗𝜔/𝜔𝑛)
2+2𝜁(𝑗𝜔/𝜔𝑛) + 1|

= −10log10 1 −
𝜔

𝜔𝑛

2 2

+ 4𝜁2
𝜔

𝜔𝑛

2

≃ ቊ
0, 𝜔 ≪ 𝜔𝑛

−40log10𝜔 + 40log10𝜔𝑛, 𝜔 ≫ 𝜔𝑛

≃

0, 𝜔 ≤ 0.1𝜔𝑛

−
𝜋

2
log10

𝜔

𝜔𝑛
+ 1

−𝜋,𝜔 ≥ 10𝜔𝑛

, 0.1𝜔𝑛 ≤ 𝜔 ≤ 10𝜔𝑛∠𝑯 𝒋𝝎 = −tan−1
2𝜁(𝜔/𝜔𝑛)

1 − (𝜔/𝜔𝑛)
2



Second-order systems

36

 Bold plots

𝟐𝟎𝐥𝐨𝐠𝟏𝟎 𝑯 𝒋𝝎 ∠𝑯 𝒋𝝎


