The Discrete-Time Fourier Transform
(ch.5)

[ Representation of aperiodic signals - Discrete Fourier transform



Discrete Fourier Transform

Representation of aperiodic signals

1 Consider a general sequence of finite duration: x|n] = 0ifn < Nyorn > N,

x[n]

[ Periodic extension of x|n] with N

[ FS representation of X|n]

f[n] — Z akejk(zn/N)n ak =% z f[n]e—jk(ZTL’/N)n
k=(N) n=(N) 1



Discrete Fourier Transform

Representation of aperiodic signals

 FS coefficients of X|n]

+00 -N

—jk(2/N
A = N Z Jk(2m/Nn Define X(e/¢) = 2 x[n]e /en

n= (N)

2 e —jk(2m/N)n — l
N N

n=-— N1

 FS of X[n]

_)’Z[n] — z %X(ejkwo)ejkwon — % z X(ejka)ejkanwO

k=(N)

A N - oo, X[n] - x[n]

1
f X(ef“)) el d

xInl = 21T

n=-—oo

+00

z x[n] e—jk(Zn/N)n

n=—oo

k=(N)

X(eiul)ejmn




Discrete Fourier Transform

FT pairs
+00
X(el®) = 2 x[n]eJen Fourier transform (FT)
N0
1
x[n] = an X(e/?) e/ dw Inverse Fourier transform

 x[n] is a linear combination (specifically, an integral) of complex
exponentials at different frequencies

d X(e/?)(dw/2m) is the weight for different frequencies

d X(e/?) is called the spectrum




Discrete Fourier Transform

FT vs. FS
Fourier transform (FT) Fourier series (FS)
x[n] X[n]
Q.Q .."... l". ..."P. ..Q .“” .. .'U ’0..' L ]
w 0 200000000 “cI ._ Ieun:I .0 .o“m | I .eeeo
el = 5 [ X(e) oo Bl = ) ae/@vn
2T Jon K=(N)
+00 1
X(el®) = z x[n]e=/on U =N z %[n]e~Jk2m/Nn
n=—0oo n=(N)

ay = ~X(e/®) with = k(2m/N)



Discrete Fourier Transform

Discrete FT vs. continuous FT

Discrete FT Continuous FT
1 1 [+ .
jw) pjown - - jwt
x[n] = an X(e/®) e/ dw x(t) Zﬂf_oo X(jw)e’“ dw
Yoo oo
X(el®) = z x[n]e J@n X(jw) =j x(t)e I@tdt

n=-—oo

1 Discrete-time complex exponentials that differ in

frequency by a multiple of 27 are identical i
d X(e/?®) is periodic Illlhl (AN AN

[ Finite interval of integration in the ’ " T e

synthesis equation for x[n] o
d w= 0, 277,', 4]1" e IOW_frequenCy i | |
J w =m,3m,5m, - = high-frequency : N B e



Discrete Fourier Transform

Examples
x[n] = a™uln],lal <1  X(e/®) =7
Solution +o ® ) 1
X(el®) = Z au[nle /on = Z aeJ®)" = .
() | O [e—
n=—oo n=0
a>0 . a<o0 1
UU g /\_
| 1 (11—““3)“ : l | | i~ 1 |
—2m - 0 ™ 2T —am T 0 N moo
< x(eiw) tan ! (|a|/ﬁ)i)((ejm)

tan™! (a/V1 — a?) .

Tr 211-\ o {\ﬂ 0 W\/ﬂ‘ w
] 6

(b)‘\ ~tan™! (jap/1 — a?)

211\/—17 0
—tan ' (@1 — ad)



Discrete Fourier Transform

Examples

Solution
X(e/?) =

x[n] = a™, |a] <1 X(ej“’) =7

400

z alnlg—jwn
n=—oo

~1

z ae Jon 4 z a " teTJwn

n=0 Nn=—oo

(e0e]

Z(ae J“’) + Z(aef‘“)

. ael® 1 — a?

1—aqe J/® 1 —qel® 1 —2acosw + a?

lllTItr...

0 n

,.mjﬂ”

ﬂ (1+a)/( —a)m» q

(1—a)/(1+a)
B 7
1 1

—27 0 27 ")



Discrete Fourier Transform

Examples
1 In| < N, .
x[n] =4 - X(el?) =7
- Xl {o, m >N, X(€)
Solution N, - -
X(ejw) _ z p—jon — Z e~ Jw(m—N1) — ,jwN; Z p—Jjom
=T m=0 m=0 x[n] N,=2
1 - e_](l)(ZN1+1) 1
= eijl .
1—e @
—N;y 0 N, n
e~Jjw/2 (ejw(N1+1/2) _ e—jw(N1+1/2)) X(e)

- e‘jw/z(ejw/z — e‘jw/z) 5
sinfw(N; + 1/2)] ~ A

sin(w/2) 2 \/"N\J ° /" \J %o



Discrete Fourier Transform

Convergence of FT

- For the analysis equation  Xx(e/®) = Z x[n]e - Jen

n=—oo
+ 00
* Finite energy condition Z |x[n]|? < oo
n=-—oo
+ o0
* Absolutely summable 2 |x[n]| < oo
n=-—oo

1
1 For the synthesis equation  x[n] = an X(e/®)e/dw

* No convergence issues (finite interval of integration)



Discrete Fourier Transform

Examples x[n] = 8[n] X(ef®) =2

+00
 Solution 1 X(e/®) = z S[n]ejon =

p—— xIn] W = w/4 ; W = 3n/8
; 3
. 2 8
] Solution 2 Nt
0 n 0 n
1 w x[n] W = 3n/4
< _ WN x[n} W = m/2
x|n] = - f e/“dw 1{ 3
W 2
_ sin Wn 5 - *“T"-‘-"-I“.-‘T‘j—lLoll“‘r"r”‘r"r""“"‘ﬁ
m x[n) W = 7/8 0l
1¢ W=m
)

Vlviinny?[n] = §[n]




The Discrete-Time Fourier Transform
(ch.5)

[ Fourier transform for periodic signals



Fourier transform for periodic signals

1 Consider the sinusoidal signal

x[n] = e/ @om

1 The FT should be a periodic pulse train: X(e)
+o00
. 2
X(el®) = z 28 (w — wy — 2ml)
L . -
(wg — 4m) (wg — 2m) ®g (wg + 2m) (wq + 4m)

1 Check validity: evaluate the inverse transform

+00
1 .
1 X(e/®)elmdw = —j z 216 (w — wo — 2ml) e/“"dw
21 ), 2T 2m =
= /(@27 £iyad in one period [ = 7 cause fm

— eJwon



Fourier transform for periodic signals

FT of aye/0Gm/N)n

[ Consider a periodic sequence 2“a°|2“a~ 2‘ zwa(,]znaw
x|n] = z akejk(Zn/N)n 2 % 2
k=(N) pva —2ma L1 OT A1 e1<2ﬂ/N>2:a1 —

((—N +1)ENE) (2—;) ((N + 1)2N1)

(b)
FT of a_,e/~(m/N)n

X(e/®) = Z 2rwa,8(w — 2mk/N)

fe=—oco0 (en-n3x) - %) R
 Verify 3 ! !
x[n] = ag + a,e/ @/ 4 g gi2@m/N)n e T
et aN_lej(N—l)(Zn/N)n . FT of x[n] omag 2a
4 “4' 4 IT+| -4 “4'
-2 “ 0 l 2m

2na_y 2wa_ 2maN —
N-1 1 N -1

(d)



Fourier transform for periodic signals

Examples
1 . 1 . 2T .
x[n] = coswgn = Ee"‘)on + Ee‘f“’on, Wy = X(ef“’) =7
Solution
+00 +00
. 2T 2T
X(ef“))z 2715 a)—?—2nl +Z7r5 a)+?—2nl
l=—o0 l=—o00
2T 2T
= 1T w—? + o w+? T <w<T
X(el*)

P bt P

-2 — g 0 wq 2T )

(—2m—wg) (—27+wg) 2m—wg) @2mtag)

14



Fourier transform for periodic signals

Examples
400
x|n] = z 5[n—kN| X(ef“)) =7
k=—o0
Solution 1 x[n]
a =~ z x[n]e=Tk@E/Nn — v N 0 N 2N .
n=(N) X(e")
27Tk 27/N
jo\ — —
X<6>N (w ) ...]||‘M|.__
k=—o0
2 @
N

15



The Discrete-Time Fourier Transform
(ch.5)

[ Properties of discrete-time Fourier transform



Properties of discrete-time Fourier Transform

Short notation for FT pairs

+ 00

x[n] = %f X(e]'w) eJon 4., X(eja)) — z X[Tl]e_j(‘m
2T

x[n] < X(e/)

X(ej“’) = F{x|n]}

x[n] = F~HX(e/*)}

17



Properties of discrete-time Fourier Transform

Periodicity In contrast to continuous FT

X(ej(a)+27r)) — X(eja))

Linearity

xq1[n] L X1(6’jw)

. = axq|n] + bx,|n] PN aXl(ej‘“) + sz(ef“))
X, [n] <— Xz(ej‘“)

18



Properties of discrete-time Fourier Transform

Time shifting and frequency shifting

x[n—ngl <> e~fomox(elv)

T

xfn] <2 x(eJ) = {
efwonx[n]<—> X(ef(w—wo))

Examples
Low-pass filter = High-pass filter Hip(e1°)
Hlp(ejw) th(ejw) = Hlp(ej(w_n)) T - (,I,—_l . 2
shift by
Ij: — I? Hip(e/°) = Hyp 1)
ol b = /iy [ S

= (— 1)nhlp In] ~(r—00) (m=aq)



Properties of discrete-time Fourier Transform

Conjugation and Conjugate Symmetry

(1 Conjugation property

x[n] LN X(e/?) = x*[n] DA X*(e7)

J Conjugation Symmetry

{X(ef“’) =X*(e7/?) [x[n] reaI]J

Re{X(ej“))} is even, ilm{X(ej“))} is odd.

20



Properties of discrete-time Fourier Transform

Time reversal

e D I e (D)

K x[n] even, X(e/®) even; x[n] odd, X(e’®) odd
Recall: x[n] reaI:X(ej“’) = X*(e‘j“’)
l

J x[n]real and even = X(ef‘“) real and even

x|n]realand odd = X(ej“’) odd and purely imaginary

21



Properties of discrete-time Fourier Transform

Time reversal

x[n]‘i’X(ef‘”) == x[—n]‘L X(e‘j“))

d If x[n] real
Fix[n]} = F{evix[n]}} + T{Od{x[n]}}} {ev{x[n]} SN Re{X(e/*)}
—

= RefX(e/)} + jIm{X (&)} Od{x[nl}"— jIm{x(e/*)]

22



Properties of discrete-time Fourier Transform

Differencing and accumulation

3 If x[n] RLIEN X(e®)

J Then
T

x[n] —x[n—1] «<——— (1—e72)X(e/¥)

400
1 . .
z x|m] L) = X(ef“’) + nX(eJO) Z 6(w — 2mk)
m=—oo k=—o0o0

\ J
Y

DC component

23



Properties of discrete-time Fourier Transform

Differencing and accumulation

J Examples Determine FT of unit sept x[n] = u[n]

Solution
g[n] = 8[n] PN G(e’?) =1 x[n] = z g[m
X(e/%) = ——5G(e/*) + n6(e/) kZ 5(w — 21k)
1 —

24



Properties of discrete-time Fourier Transform

Time expansion

1 Recall the continuous time property

xat) —— 1% () ]lhm”h |

 Try to define x[an] .
1 a should be an integerand a > 1
[ not merely speed up, but also resample x[n]

X3N]

-6 -3 O 3 6 n
xen] = x[n/k], if nis amultiple of k
()L = 0, ifnisnota multiple of k

25



Time expansion xom[n] = {x[n/k], if n is a multiple of k
P ¢ 0, if n is not a multiple of k

:F' . x[n] X(e)
x[n]  <—— X(e/®)

F : :
Xpln] < Xgy(e/?) = x(e/*)
+00 Xgn] X (€") = X(€”)
Xao(el®) = Z x (o [n]e /™
TP =k WI.I..IA]M
+oo i ’ LVIVOVIVY "
— Z X (k) [rk]e‘j wrk xn] x(:(é“')=x@3”)
r=- xaolrk] = x[r] e |
Xao(e9) = ) xlrlemikerr = x(e) ° AR U

r=—00



Examples

X(el®) =7
Solution

x[n] = yoylnl + 2yn —1]

1,0<n<5
where y[n] = 0 olse

_|yIn/2],nis even
yz[n] { 0, n is odd




Examples

X(el®) =7

Solution P(e/o) = o120 sin(5w/2)
sin(w/2)

1 Using the time expansion property

F . - iag SIN(5W)
Yol > Y(e/?) =Y(e*?) = eVt
1 Using the linearity and time-shifting properties

.. sin(bw
2yyln — 1] PRGN 2e7 150 — bw)
sin(w)

sin(5w)>

sin(w)

X(e9) = e~H4(1 + 2¢-) (



Properties of discrete-time Fourier Transform

Differentiation in frequency nx[n] <> j dX(e’*)
| . dw
] Consider

jw .
dX(e )= z —jnx[n]e”’®" — —jnx[n] <—>j: ch(ier)
w

dX(e/®)

= nx[n]L) j

> Ixlnll? = 21ﬂ |X(ef“’)| do

29



Examples X(e")

X[Tl] (L) X(e]a)) / >

d x[n]is I ™
* Periodic? * Even? |
IX(E")
NO NO 27 +
. Rea|? o ‘LSIopeofz
e Of finite energy?
Yes - ™

Yes

30
4 —2m



The Discrete-Time Fourier Transform
(ch.5)

. The convolution property



The convolution property

x|n] ——»[ h[n] ]-— y[n]

yln] = x[n] « h[n] < v(e/®) = X(e/*)H(eI®)

O H(jw): Frequency response; FT of the impulse response of the system

32



The convolution property

e xin] —{  hl] | yn]
h[n] = 8[n — ng] and X(e/?) = F{x[n]} Y(e/®) =2
Solution ] 8T — e
oo 4 N
H(e/®) = n;o 5[n — ngle /e ol i
RN Z

Y(ej“’) = e‘j“mOX(ej“)) 33



The convolution property

Examples

Determine the impulse response of an ideal low-pass filter

Solution
H(e')

1 (™ . .
h[n] —f H(ef‘”)ef“mda) 1 —

21 —TT 1 | | |
=2 —r —wg 0 o T 2T ®
Wo
= — e/“tdw
21 J)_,,
0 hin]
. NOT causal
sin wgn

mn

34



: 4 PN
e convolution prope ol )
n‘ II|||I|I I|I|||II ‘n
% Y S
1’0 2013 '.
4’TEH\-‘“\

Examples l I y[n

hin] = a™uln], (la|l <1) x[n] = " uln], (Bl <1) yln] =

Solution
, 1 oY 1 oY 1
H(ejw) T1—qe o X(ef ) 1 —ReJw Y(ef ) (1 —ae J@)(1 = Be~Iw)
Whena # f§
. A B
Y(e]w)zl—ae_jw_l—ﬁe_jw A:aiﬁ B:aﬁﬁ
Y] = 2 auln] =~ ruln] = —— @l - B uln)



The convolution property

Examples l I y[n

hin] = a™uln], (la|l <1) x[n] = " uln], (Bl <1) yln] =

Solution
_ 1 . 1 , 1
joY — X(e/?) = - Y(e/®) = ' '
() =1 oeme X&) =10pem V&) =g ema —permy
Whena = f8
_ 1 j d 1
Y Jw ) — — ](1) i
(e ) (1 — qe~Jw)?2 ae dw (1—6(6_]“))

yln] = (n+ Da"uln + 1] = (n + 1)a™u|n]

36



The convolution property

Examples

Consider the ideal band-stop filter, Y(e/®) =?

. (
wi[n] = e/ x[n] by

Wy (e/®) = X(e/(@™) i

Wy(e/®) = Hyp(e/)X (e/407™) ]

I/]/3 (ejw) = Wz(ej(w_n))
= Hypy (/@™ x (e @-2m)

= Hip (/)X (e1)
Wi(e) = Hip (e)X()
V() = W5(e12) + Wy(e%) = [Hip (/) + Hi () (1)

37



The Discrete-Time Fourier Transform
(ch.5)

J The multiplication property



The multiplication property

yinl = syl [n] <~ V() = 5 | xi(e)xa(e@-)as

27 b ,
Proof . .
+ 00 +00 Periodic convolution
r(e®)= ) ylle o= ) xi[nlxlnleon
1
n=—oo n=-—oo jo\,jon
o ) xq|n] = an X(e )e do

Y(e/®) = 2 x,[n ]{;ﬂf X (efe)efgnde}e jon

n=-—oo
400
. 1 . .
Y(ef“’) = %fz Xl(efe) z X5 [n]e‘f(w‘e)”] do
[ S ——

r(ef) = o L X, (e79) X, (e/@=9))dg
Vs

39



Examples 1 |
sin(mtn/2) sin(3nn/4) I T
xq[n] = xz[n] = “ “
mm m %, (6°)
x[n] = x{[n]x,[n] X(e/®) =2 :
Solution 2m w-Z I 7 21w
. 1 " : . ol
X(@0) = o [ (000t "
21 J_ 1
2
1 Convert to ordinary convolution ~____— L ~~___—7
12
j(l) . 1 1 1 i i } 1 1 -
Xl(e ), 7T< w <7T —'n_IZ_'n' __121 _% ;‘[11'_ _g_ a_Tr ™ )

0, otherwise

Define £, (el®) = {

. 1 ™. . . 1 o, .
X(e/) = j £(7)X, (@ 0)d0 = o [ £,(e70)X, (/@) do
—TT — 00 40



The Discrete-Time Fourier Transform
(ch.5)

J Duality



L7 < = NS
[ ) ‘l \‘
g i Bk WY IR 4\
u a I : : ™ "
@ M II|||I|I I|I|||II ‘n
7@" S I' )
S 201 A

Duality in the discrete FS

Consider f[m] =% z g[r]e=Jrm/N)m fIm] and g[r] are periodic

m=k,r=n/ r=(N) Nm=n,r=—k

42

flkl =5 > glnle-skcrmn flnl =y > gl-klesCrimn
Nn=(N) Nk=(N)
S Fs L Fs 1 ‘.
- gln] = f[k] flnl = Zg[-k] |
Every property of the discrete FS has a dual.
J Examples
FS ) z X[T]Y[n_r] <:F—5>Nakbk
{ x[n — no] > ake_]k(zn'/N)nO { r=(N)
FS
. a; b _
eJm(Zn/N)nx[n] (T_5> Qe x[n]y[n] «<—— [Pk—1

[=(N)



L7 < = NS
[ ) ‘l \‘
0 i B WY 3R #
u a I : ® T "
@ M II|||I|I I|I|||II ‘n
7@" S I' @
S 201 A

Examples
(1sin(57n/9) e g

x|n] =<9 sin(mn/9) ’ T MEHPIEO a, =?
\ 5/9, n = multiple of 9

(WH)Dual in the frequency domain: n — k
(1 .
(2)Time domain signal 1sin(5mk/9)
« by =19 sin(mk/9) ’
g[n]<T—S> bs, \ 5/9, k = multiple of 9

k # multiple of 9

43



L7 < = NS
[ ) ‘l \‘
g i Bk WY IR 4\
u a I : : ™ "
@ M II|||I|I I|I|||II ‘n
7@" S I' )
S 201 A

Examples
(1sin(57n/9) e o
x|n] =<9 sin(mn/9) ’ T MEHPIEO a, =?
\ 5/9, n = multiple of 9
M
~N “N; 0 N N n
| 7s
(.
1 sin[2mk(Ny +1/2)/N
2mk (s +1/2/N]
I N sin(mk /N)
(2N; + 1)/N, k=0,+N,+2N, -

\

44



L7 < = NS
) " \‘
0 i B WY 3R #
§ & HE )
@ II|||I|I I|I|||II b
v ‘\ W I, ‘l
G lo 2013 A ¢

Examples
(1sin(57n/9) BT
x[n] =49 sin(mn/9) © 7 THHPIED @, = — g[—k] = {1/9, k| < 2
\ 5/9, n = multiple of 9 N 0, 2<]|k|l<4
@Duality
(WH)Dual in the frequency domain: n — k
| o (1sin(5mk/9
_ 11, In| <2 @Tlme domain signal —SITI( T/ ), k # multiple of 9
glnl =14 5 < nl < 4 o by =149 sin(mk/9)
' B glnl«<—— b, \ 5/9, k = multiple of 9

g|n] is periodic (N = 9)

45



L7 < = Q
(] F %
g ummnik#El
§ s HE )
o ¥ .|||"" """h b
v ‘l W I, ‘l
G lo 2013 A ¢

Duality between discrete FT and continuous FS

+00
1 .
x|n] = an X(e]‘“)ef“’"da) Discrete FT X(efw) — z x[n]e jon
n=—oo
n-kwy, w— —t
+00
x(t) = z akefkwot Continuous FS a, = lfx(t)e—jka)otdt
T
k=—o T

46



Examples -
== an X(e/®) =2
_sin(kwom/2)
U = k(,l)oT[
(,OO — 1
1, |t|<T, (T, =1/2) FS sin(kwT;)
(t) = { < = Jk#0
/ 0, <lt|=<T @CT signal i km
_I ] [ { I | I |-
—2T T T -T, T, T T T t

47



g(t) ={

sin(nk/2) 1

1,
0,

Tk

t| < Ty (Th = 1/2)
T, <|t| <T

—fg(t)e_jktdt — ij
T J); 2T

—1/2

T/2

n=kwyt=—-w

sin(mn/2) 1 J”/Z

mn

2T -1 /2

(QQCT signal

g(t)e Jktdt

g(—w)el“"dw

w X(e/?) = g(-w) = {

1,
0,

lw| < /2

n/2 <|w| <7

48



Duality

Summary FS and FT expressions

Continuous time Discrete time
Time domain Frequency domain Time domain Frequency domain
| I
x(n) = | a;, = x[n] = I a;, =
e ) I _ . I _
Zz':_m akejkw(,t I TLO J’TO x(t)e Jkawgt Zk=(N) akejk(}m’N)n l _;_/_ Zkz(N) x[n]e jk(Q2mIN)n
Fourier : :
Series continuous time | discrete frequency discrete time discrete frequency
periodic in time : aperiodic in frequency periodic in time | periodic in frequency
I . | .
x](f) = I X(jw) = x[n] = | X(e/¥) =
+x . 1 a . 00 —
o J_m X(jw)e''dw : I_+ x(t)e /9t dy < j X(e/¥)elwn : := o X[n]e” "
Fouri 27 2w
ourier | 1
Transform cont{nuf)u's tlme continuous frequency discrete time : continuous frequency
aperiodic in time : aperiodic in frequency aperiodic in time | periodic in frequency
! n

49



The Discrete-Time Fourier Transform
(ch.5)

] Systems characterized by difference equations



System characterized by difference equations
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System characterized by difference equations

Examples Causal LTI system

y[n] —ay[ln — 1] = x[n],la] <1 h|n] =?
Solution

H(e/®) = ——

hin] = a™u|n]

52



System characterized by difference equations

Examples Causal LTI system
y[n] - Zy[n —1] + %y[n — 2] = 2x[n] h[n] =?
Solution
— 2 _ 2
H(e] ) ) 1—26‘1‘” +%e‘f2w (1—%9‘1'“’) (1—%9—1'(0)
4 2
) 1 —%e‘fw ) 1 —%e—Jw

hin] = 4 (%) uln] — 2 (%) un] )



Examples Causal LTI system

yln] — Ey[n — 1]+ 1y[n — 2] = 2x[n] x|n| = (1) uln] y[n] =?

4 8 4
Solution
1
Y(e]w) H(e]w)X(e]w) [1 Jw 1 1 —J'wH1 1 ]a)]
ERT) A
B 2 B 4 2 N 8
— | 2 1 . .2 1 .
(1—%6_1(‘))(1—%6_10)) 1—Z€ Jw (1—%6‘]‘0) 1—76 Jw

ol e ) o) |



