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Representation of aperiodic signals

 FS representation of ෤𝑥 𝑛

 Consider a general sequence of finite duration: 𝑥 𝑛 = 0 if 𝑛 < 𝑁1 or 𝑛 > 𝑁2

 Periodic extension of 𝑥 𝑛 with 𝑁

෤𝑥 𝑛 = ෍

𝑘= 𝑁

𝑎𝑘𝑒
𝑗𝑘 2𝜋/𝑁 𝑛 𝑎𝑘 =

1

𝑁
෍

𝑛= 𝑁

෤𝑥 𝑛 𝑒−𝑗𝑘 2𝜋/𝑁 𝑛
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 𝑁 → ∞, ෤𝑥 𝑛 → 𝑥 𝑛

 FS coefficients of ෤𝑥 𝑛

Define

 FS of ෤𝑥 𝑛

𝑎𝑘 =
1

𝑁
෍

𝑛= 𝑁

෤𝑥 𝑛 𝑒−𝑗𝑘 2𝜋/𝑁 𝑛

=
1

𝑁
෍

𝑛=−𝑁1

𝑁2

𝑥 𝑛 𝑒−𝑗𝑘 2𝜋/𝑁 𝑛 =
1

𝑁
෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝑘 2𝜋/𝑁 𝑛
=

1

𝑁
𝑋 𝑒𝑗𝑘𝜔0

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝜔𝑛

෤𝑥 𝑛 = ෍

𝑘= 𝑁

1

𝑁
𝑋 𝑒𝑗𝑘𝜔0 𝑒𝑗𝑘𝜔0𝑛 =

1

2𝜋
෍

𝑘= 𝑁

𝑋 𝑒𝑗𝑘𝜔0 𝑒𝑗𝑘𝜔0𝑛𝜔0

𝑥 𝑛 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔

Representation of aperiodic signals
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FT pairs

Fourier transform (FT)

Inverse Fourier transform

 𝑥 𝑛 is a linear combination (specifically, an integral) of complex 
exponentials at different frequencies

 𝑋(𝑒𝑗𝜔)(𝑑𝜔/2𝜋) is the weight for different frequencies

 𝑋(𝑒𝑗𝜔) is called the spectrum

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝜔𝑛

𝑥 𝑛 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔
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FT vs. FS

Fourier transform (FT)

𝑎𝑘 =
1

𝑁
𝑋(𝑒𝑗𝜔) with 𝜔 = 𝑘 2𝜋/𝑁

Fourier series (FS)

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝜔𝑛

𝑥 𝑛 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔 ෤𝑥 𝑛 = ෍

𝑘= 𝑁

𝑎𝑘𝑒
𝑗𝑘 2𝜋/𝑁 𝑛

𝑎𝑘 =
1

𝑁
෍

𝑛= 𝑁

෤𝑥 𝑛 𝑒−𝑗𝑘 2𝜋/𝑁 𝑛
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Discrete FT vs. continuous FT
Discrete FT Continuous FT

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝜔𝑛

𝑥 𝑛 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔

𝑋(𝑗𝜔) = න
−∞

+∞

𝑥 𝑡 𝑒−𝑗𝜔𝑡𝑑𝑡

𝑥(𝑡) =
1

2𝜋
න
−∞

+∞

𝑋(𝑗𝜔)𝑒𝑗𝜔𝑡𝑑𝜔

 𝑋(𝑒𝑗𝜔) is periodic
 Finite interval of integration in the 

synthesis equation for 𝑥[𝑛]

 Discrete-time complex exponentials that differ in 
frequency by a multiple of 2𝜋 are identical

 𝜔 = 0, 2𝜋, 4𝜋,⋯ ⇒ low-frequency

 𝜔 = 𝜋, 3𝜋, 5𝜋,⋯ ⇒ high-frequency
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Examples

𝑥 𝑛 = 𝑎𝑛𝑢 𝑛 , 𝑎 < 1

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑎𝑛𝑢 𝑛 𝑒−𝑗𝜔𝑛

𝒂 > 𝟎 𝒂 < 𝟎

𝑋 𝑒𝑗𝜔 =?

Solution
= ෍

𝑛=0

∞

𝑎𝑒−𝑗𝜔
𝑛
=

1

1 − 𝑎𝑒−𝑗𝜔
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Examples

𝑥 𝑛 = 𝑎 𝑛 , 𝑎 < 1

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑎 𝑛 𝑒−𝑗𝜔𝑛

= ෍

𝑛=0

∞

𝑎𝑛𝑒−𝑗𝜔𝑛 + ෍

𝑛=−∞

−1

𝑎−𝑛𝑒−𝑗𝜔𝑛

𝑋 𝑒𝑗𝜔 =?

Solution

= ෍

𝑛=0

∞

𝑎𝑒−𝑗𝜔
𝑛
+ ෍

𝑚=1

∞

𝑎𝑒𝑗𝜔
𝑚

=
1

1 − 𝑎𝑒−𝑗𝜔
+

𝑎𝑒𝑗𝜔

1 − 𝑎𝑒𝑗𝜔
=

1 − 𝑎2

1 − 2𝑎 cos𝜔 + 𝑎2
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Examples

𝑥 𝑛 = ቊ
1, 𝑛 ≤ 𝑁1
0, 𝑛 > 𝑁1

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−𝑁1

𝑁1

𝑒−𝑗𝜔𝑛 = ෍

𝑚=0

2𝑁1

𝑒−𝑗𝜔 𝑚−𝑁1 = 𝑒𝑗𝜔𝑁1 ෍

𝑚=0

2𝑁1

𝑒−𝑗𝜔𝑚

𝑋 𝑒𝑗𝜔 =?

Solution

= 𝑒𝑗𝜔𝑁1
1 − 𝑒−𝑗𝜔 2𝑁1+1

1 − 𝑒−𝑗𝜔

𝑵𝟏 = 𝟐

=
𝑒−𝑗𝜔/2 𝑒𝑗𝜔 𝑁1+1/2 − 𝑒−𝑗𝜔 𝑁1+1/2

𝑒−𝑗𝜔/2 𝑒𝑗𝜔/2 − 𝑒−𝑗𝜔/2

=
sin[𝜔 𝑁1 + 1/2 ]

sin 𝜔/2
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Convergence of FT

• Finite energy condition

• Absolutely summable

෍

𝑛=−∞

+∞

𝑥 𝑛 2 < ∞

෍

𝑛=−∞

+∞

𝑥 𝑛 < ∞

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝜔𝑛

𝑥 𝑛 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔

• No convergence issues (finite interval of integration)

 For the analysis equation

 For the synthesis equation
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Examples

ො𝑥 𝑛 =
1

2𝜋
න
−𝑊

𝑊

𝑒𝑗𝜔𝑛𝑑𝜔

𝑥 𝑛 = 𝛿 𝑛

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝛿 𝑛 𝑒−𝑗𝜔𝑛 = 1

=
sin𝑊𝑛

𝜋𝑛

lim
𝑊→𝜋

ො𝑥 𝑛 = 𝛿 𝑛

 Solution 1

𝑋 𝑒𝑗𝜔 =?

 Solution 2
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Fourier transform for periodic signals

𝑋 𝑒𝑗𝜔 = ෍

𝑙=−∞

+∞

2𝜋𝛿 𝜔 − 𝜔0 − 2𝜋𝑙

 Consider the sinusoidal signal

 The FT should be a periodic pulse train:

𝑥[𝑛] = 𝑒𝑗𝜔0𝑛

 Check validity: evaluate the inverse transform

1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔 =
1

2𝜋
න
2𝜋

෍

𝑙=−∞

+∞

2𝜋𝛿 𝜔 − 𝜔0 − 2𝜋𝑙 𝑒𝑗𝜔𝑛𝑑𝜔

= 𝑒𝑗 𝜔0+2𝜋𝑟 𝑛

= 𝑒𝑗𝜔0𝑛

Fixed in one period 𝑙 = 𝑟 cause 2׬𝜋
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 Consider a periodic sequence

𝑋 𝑒𝑗𝜔 = ෍

𝑘=−∞

+∞

2𝜋𝑎𝑘𝛿 𝜔 − 2𝜋𝑘/𝑁

𝑥 𝑛 = ෍

𝑘= 𝑁

𝑎𝑘𝑒
𝑗𝑘 2𝜋/𝑁 𝑛

 Verify 

𝑥 𝑛 = 𝑎0 + 𝑎1𝑒
𝑗 2𝜋/𝑁 𝑛 + 𝑎2𝑒

𝑗2 2𝜋/𝑁 𝑛

+⋯+ 𝑎𝑁−1𝑒
𝑗 𝑁−1 2𝜋/𝑁 𝑛

 FT

FT of 𝑎0𝑒
𝑗0 2𝜋/𝑁 𝑛

FT of 𝑎1𝑒
𝑗 2𝜋/𝑁 𝑛

FT of 𝑎−1𝑒
𝑗− 2𝜋/𝑁 𝑛

FT of 𝑥[𝑛]
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Examples

Solution

𝑥 𝑛 = cos𝜔0𝑛 =
1

2
𝑒𝑗𝜔0𝑛 +

1

2
𝑒−𝑗𝜔0𝑛, 𝜔0 =

2𝜋

5
𝑋 𝑒𝑗𝜔 =?

𝑋 𝑒𝑗𝜔 = ෍

𝑙=−∞

+∞

𝜋𝛿 𝜔 −
2𝜋

5
− 2𝜋𝑙 + ෍

𝑙=−∞

+∞

𝜋𝛿 𝜔 +
2𝜋

5
− 2𝜋𝑙

= 𝜋𝛿 𝜔 −
2𝜋

5
+ 𝜋𝛿 𝜔 +

2𝜋

5
,−𝜋 < 𝜔 < 𝜋
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Examples

Solution

𝑥 𝑛 = ෍

𝑘=−∞

+∞

𝛿 𝑛 − 𝑘𝑁 𝑋 𝑒𝑗𝜔 =?

𝑎𝑘 =
1

𝑁
෍

𝑛= 𝑁

𝑥 𝑛 𝑒−𝑗𝑘 2𝜋/𝑁 𝑛 =
1

𝑁

𝑋 𝑒𝑗𝜔 =
2𝜋

𝑁
෍

𝑘=−∞

+∞

𝛿 𝜔 −
2𝜋𝑘

𝑁
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Properties of discrete-time Fourier Transform

Short notation for FT pairs 

𝑥 𝑛
ℱ

𝑋 𝑒𝑗𝜔

𝑋 𝑒𝑗𝜔 = ℱ 𝑥 𝑛

𝑥 𝑛 = ℱ−1 𝑋 𝑒𝑗𝜔

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝜔𝑛𝑥 𝑛 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔
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Properties of discrete-time Fourier Transform

Periodicity

𝑋 𝑒𝑗 𝜔+2𝜋 = 𝑋 𝑒𝑗𝜔

Linearity

𝑥1 𝑛

⟹

𝑋1 𝑒𝑗𝜔

𝑥2 𝑛
ℱ

𝑋2 𝑒𝑗𝜔

ℱ

𝑎𝑥1 𝑛 + 𝑏𝑥2 𝑛 𝑎𝑋1 𝑒𝑗𝜔 + 𝑏𝑋2 𝑒𝑗𝜔
ℱ

In contrast to continuous FT
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Properties of discrete-time Fourier Transform

Time shifting and frequency shifting

⟹𝑥 𝑛
ℱ

𝑋 𝑒𝑗𝜔
𝑥 𝑛 − 𝑛0

ℱ

Low-pass filter    ⟹ High-pass filter

𝑒𝑗𝜔0𝑛𝑥 𝑛
ℱ

𝑋 𝑒𝑗 𝜔−𝜔0

Examples

𝑒−𝑗𝜔𝑛0𝑋 𝑒𝑗𝜔

⟹
shift by 𝜋

ℎ𝑙𝑝 𝑛 ℎℎ𝑝 = 𝑒𝑗𝜋𝑛ℎ𝑙𝑝 𝑛

= −1 𝑛ℎ𝑙𝑝 𝑛

𝐻ℎ𝑝 𝑒𝑗𝜔 = 𝐻𝑙𝑝 𝑒𝑗 𝜔−𝜋𝐻𝑙𝑝 𝑒𝑗𝜔

ℱ ℱ 𝐻ℎ𝑝 𝑒𝑗𝜔

𝐻𝑙𝑝 𝑒𝑗𝜔

= 𝐻𝑙𝑝 𝑒𝑗 𝜔−𝜋
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Properties of discrete-time Fourier Transform

Conjugation and Conjugate Symmetry

 Conjugation property

 Conjugation Symmetry

⟹𝑥 𝑛
ℱ

𝑋 𝑒𝑗𝜔 𝑥∗ 𝑛
ℱ

𝑋∗ 𝑒−𝑗𝜔

𝑋 𝑒𝑗𝜔 = 𝑋∗ 𝑒−𝑗𝜔 𝑥[𝑛] real

ℛ𝑒 𝑋 𝑒𝑗𝜔 is even, ℐ𝑚 𝑋 𝑒𝑗𝜔 is odd. 
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Properties of discrete-time Fourier Transform

Recall: 𝑥[𝑛] real: 𝑋 𝑒𝑗𝜔 = 𝑋∗ 𝑒−𝑗𝜔

Time reversal

⟹𝑥 𝑛
ℱ

𝑋 𝑒𝑗𝜔 𝑥 −𝑛
ℱ

𝑋 𝑒−𝑗𝜔

𝑥[𝑛] even, 𝑋 𝑒𝑗𝜔 even;            𝑥[𝑛] odd, 𝑋 𝑒𝑗𝜔 odd 

𝑥[𝑛] real and even   ⟹ 𝑋 𝑒𝑗𝜔 real and even

𝑥[𝑛] real and odd     ⟹ 𝑋 𝑒𝑗𝜔 odd and purely imaginary





⟹
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Properties of discrete-time Fourier Transform

Time reversal

⟹𝑥 𝑛
ℱ

𝑋 𝑒𝑗𝜔 𝑥 −𝑛
ℱ

𝑋 𝑒−𝑗𝜔

ℰ𝑣 𝑥 𝑛
ℱ

𝒪𝑑 𝑥 𝑛
ℱ

𝑗ℐ𝑚 𝑋 𝑒𝑗𝜔
⟹

ℛ𝑒 𝑋 𝑒𝑗𝜔



ℱ 𝑥 𝑛 = ℱ ℰ𝑣 𝑥 𝑛 + ℱ 𝒪𝑑 𝑥 𝑛

If 𝑥[𝑛] real

= ℛ𝑒 𝑋 𝑒𝑗𝜔 + 𝑗ℐ𝑚 𝑋 𝑒𝑗𝜔
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Properties of discrete-time Fourier Transform

Differencing and accumulation

DC component

𝑥 𝑛 − 𝑥 𝑛 − 1
ℱ

(1 − 𝑒−𝑗𝜔)𝑋 𝑒𝑗𝜔

෍

𝑚=−∞

𝑛

𝑥 𝑚
ℱ 1

1 − 𝑒−𝑗𝜔
𝑋 𝑒𝑗𝜔 + 𝜋𝑋 𝑒𝑗0 ෍

𝑘=−∞

+∞

𝛿 𝜔 − 2𝜋𝑘

𝑥 𝑛
ℱ

𝑋 𝑒𝑗𝜔 If  

 Then  
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Properties of discrete-time Fourier Transform

 Examples Determine FT of unit sept 𝑥 𝑛 = 𝑢 𝑛

𝑔 𝑛 = 𝛿 𝑛
ℱ

𝐺 𝑒𝑗𝜔 = 1 𝑥 𝑛 = ෍

𝑚=−∞

𝑛

𝑔 𝑚

𝑋 𝑒𝑗𝜔 =
1

1 − 𝑒−𝑗𝜔
𝐺 𝑒𝑗𝜔 + 𝜋𝐺 𝑒𝑗0 ෍

𝑘=−∞

+∞

𝛿 𝜔 − 2𝜋𝑘

Solution

=
1

1 − 𝑒−𝑗𝜔
+ 𝜋 ෍

𝑘=−∞

+∞

𝛿 𝜔 − 2𝜋𝑘

Differencing and accumulation
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Properties of discrete-time Fourier Transform

Time expansion

 Recall the continuous time property

𝑥 𝑎𝑡
ℱ 1

𝑎
𝑋

𝑗𝜔

𝑎

 Try to define 𝑥 𝑎𝑛
 𝑎 should be an integer and 𝑎 > 1

 not merely speed up, but also resample 𝑥[𝑛]

𝑥 𝑘 𝑛 = ቊ
𝑥 𝑛/𝑘 ,
0,

if 𝑛 is a multiple of 𝑘
if 𝑛 is not a multiple of 𝑘

 Define instead
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Properties of discrete-time Fourier Transform

Time expansion

𝑋 𝑘 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑘 𝑛 𝑒−𝑗𝜔𝑛

𝑥 𝑘 𝑛 𝑋 𝑘 𝑒𝑗𝜔 = 𝑋 𝑒𝑗𝑘𝜔
ℱ

= ෍

𝑟=−∞

+∞

𝑥 𝑘 𝑟𝑘 𝑒−𝑗𝜔𝑟𝑘

𝑛 = 𝑟𝑘

𝑥 𝑘 𝑟𝑘 = 𝑥 𝑟

𝑋 𝑘 𝑒𝑗𝜔 = ෍

𝑟=−∞

+∞

𝑥 𝑟 𝑒−𝑗 𝑘𝜔 𝑟 = 𝑋 𝑒𝑗𝑘𝜔

𝑥 𝑛 𝑋 𝑒𝑗𝜔
ℱ

𝑥 𝑘 𝑛 = ቊ
𝑥 𝑛/𝑘 ,
0,

if 𝑛 is a multiple of 𝑘

if 𝑛 is not a multiple of 𝑘
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Properties of discrete-time Fourier Transform

Examples

𝑥 𝑛 = 𝑦 2 𝑛 + 2𝑦 2 𝑛 − 1

𝑋 𝑒𝑗𝜔 =?

𝑥 𝑛

𝑦 𝑛

𝑦 2 𝑛

2𝑦 2 𝑛 − 1

Solution

𝑦 𝑛 = ቊ
1, 0 ≤ 𝑛 ≤ 5
0, else

where

𝑦2 𝑛 = ቊ
𝑦 𝑛/2 , 𝑛 is even
0, 𝑛 is odd
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Properties of discrete-time Fourier Transform

Examples

𝑥 𝑛 = 𝑦 2 𝑛 + 2𝑦 2 𝑛 − 1

𝑋 𝑒𝑗𝜔 =?
𝑥 𝑛

𝑦 𝑛

𝑦 2 𝑛

2𝑦 2 𝑛 − 1

Solution
𝑌 𝑒𝑗𝜔 = 𝑒−𝑗2𝜔

sin 5𝜔/2

sin 𝜔/2

𝑦 2 𝑛
ℱ

 Using the time expansion property

 Using the linearity and time-shifting properties

2𝑦 2 𝑛 − 1 2𝑒−𝑗5𝜔
sin 5𝜔

sin 𝜔

ℱ

𝑋 𝑒𝑗𝜔 = 𝑒−𝑗4𝜔 1 + 2𝑒−𝑗𝜔
sin 5𝜔

sin 𝜔

𝑌2 𝑒𝑗𝜔 = 𝑌 𝑒𝑗2𝜔 = 𝑒−𝑗4𝜔
sin 5𝜔

sin 𝜔
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Properties of discrete-time Fourier Transform

Differentiation in frequency 𝑛𝑥 𝑛 𝑗
𝑑𝑋 𝑒𝑗𝜔

𝑑𝜔

ℱ

𝑥 𝑛 𝑋 𝑒𝑗𝜔
ℱ

 Consider

𝑑𝑋 𝑒𝑗𝜔

𝑑𝜔
= ෍

𝑛=−∞

+∞

−𝑗𝑛𝑥 𝑛 𝑒−𝑗𝜔𝑛

⟹ 𝑛𝑥 𝑛 𝑗
𝑑𝑋 𝑒𝑗𝜔

𝑑𝜔

ℱ

−𝑗𝑛𝑥 𝑛
𝑑𝑋 𝑒𝑗𝜔

𝑑𝜔

ℱ
⟹

Differentiation in frequency

Parseval’s relation

෍

𝑛=−∞

+∞

𝑥 𝑛 2 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔
2
𝑑𝜔
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Properties of discrete-time Fourier Transform

Examples

• Periodic?

𝑥 𝑛 𝑋 𝑒𝑗𝜔
ℱ

• Real?

• Even?

• Of finite energy?

No

Yes

No

Yes

 𝑥 𝑛 is



The Discrete-Time Fourier Transform 
(ch.5)

 Representation of aperiodic signals- Discrete Fourier transform

 Fourier transform for periodic signals 

 Properties of discrete-time Fourier transform

 The convolution property

 The multiplication property

 Duality

 Systems characterized by difference equations



32

The convolution property

 𝐻 𝑗𝜔 : Frequency response; FT of the impulse response of the system

𝑦 𝑛 = 𝑥 𝑛 ∗ ℎ[𝑛] 𝑌 𝑒𝑗𝜔 = 𝑋 𝑒𝑗𝜔 𝐻 𝑒𝑗𝜔
ℱ

ℎ 𝑛𝑥 𝑛 𝑦[𝑛]
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The convolution property

Examples

𝐻 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝛿[𝑛 − 𝑛0]𝑒
−𝑗𝜔𝑛

𝑌 𝑒𝑗𝜔 = 𝑒−𝑗𝜔𝑛0𝑋 𝑒𝑗𝜔

𝑦 𝑛 = 𝑥[𝑛 − 𝑛0]

ℎ 𝑛𝑥 𝑛 𝑦[𝑛]

ℎ 𝑛 = 𝛿[𝑛 − 𝑛0] and 𝑋 𝑒𝑗𝜔 = ℱ 𝑥 𝑛 𝑌 𝑒𝑗𝜔 =?

Solution ℎ 𝑛 = 𝛿[𝑛 − 𝑛0]

= 𝑒−𝑗𝜔𝑛0
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The convolution property

Examples

Determine the impulse response of an ideal low-pass filter

Solution

ℎ 𝑛 =
1

2𝜋
න
−𝜋

𝜋

𝐻 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔

=
1

2𝜋
න
−𝜔0

𝜔0

𝑒𝑗𝜔𝑛𝑑𝜔

=
sin𝜔0𝑛

𝜋𝑛

NOT causal
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The convolution property

Examples

ℎ 𝑛 = 𝛼𝑛𝑢 𝑛 , 𝛼 < 1

Solution

𝐻 𝑒𝑗𝜔 =
1

1 − 𝛼𝑒−𝑗𝜔

ℎ 𝑛𝑥 𝑛 𝑦[𝑛]

𝑥 𝑛 = 𝛽𝑛𝑢 𝑛 , 𝛽 < 1 𝑦 𝑛 =?

𝑋 𝑒𝑗𝜔 =
1

1 − 𝛽𝑒−𝑗𝜔
𝑌 𝑒𝑗𝜔 =

1

1 − 𝛼𝑒−𝑗𝜔 1 − 𝛽𝑒−𝑗𝜔

When 𝛼 ≠ 𝛽

𝑌 𝑒𝑗𝜔 =
𝐴

1 − 𝛼𝑒−𝑗𝜔
−

𝐵

1 − 𝛽𝑒−𝑗𝜔

𝑦 𝑛 =
𝛼

𝛼 − 𝛽
𝛼𝑛𝑢 𝑛 −

𝛽

𝛼 − 𝛽
𝛽𝑛𝑢 𝑛 =

1

𝛼 − 𝛽
𝛼𝑛+1𝑢 𝑛 − 𝛽𝑛+1𝑢 𝑛

𝐴 =
𝛼

𝛼 − 𝛽
𝐵 =

𝛽

𝛼 − 𝛽
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The convolution property

Examples

ℎ 𝑛 = 𝛼𝑛𝑢 𝑛 , 𝛼 < 1

Solution

𝐻 𝑒𝑗𝜔 =
1

1 − 𝛼𝑒−𝑗𝜔

ℎ 𝑛𝑥 𝑛 𝑦[𝑛]

𝑥 𝑛 = 𝛽𝑛𝑢 𝑛 , 𝛽 < 1 𝑦 𝑛 =?

𝑋 𝑒𝑗𝜔 =
1

1 − 𝛽𝑒−𝑗𝜔
𝑌 𝑒𝑗𝜔 =

1

1 − 𝛼𝑒−𝑗𝜔 1 − 𝛽𝑒−𝑗𝜔

When 𝛼 = 𝛽

𝑌 𝑒𝑗𝜔 =
1

1 − 𝛼𝑒−𝑗𝜔 2
=
𝑗

𝛼
𝑒𝑗𝜔

𝑑

𝑑𝜔

1

1 − 𝛼𝑒−𝑗𝜔

𝑦 𝑛 = 𝑛 + 1 𝛼𝑛𝑢 𝑛 + 1 = 𝑛 + 1 𝛼𝑛𝑢 𝑛
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The convolution property

Examples

Consider the ideal band-stop filter,

𝑤1 𝑛 = 𝑒𝑗𝜋𝑛𝑥 𝑛

𝑊1 𝑒𝑗𝜔 = 𝑋 𝑒𝑗 𝜔−𝜋

𝑊2 𝑒𝑗𝜔 = 𝐻𝑙𝑝 𝑒𝑗𝜔 𝑋 𝑒𝑗 𝜔−𝜋

𝑊3 𝑒𝑗𝜔 = 𝑊2 𝑒𝑗 𝜔−𝜋

𝑊4 𝑒𝑗𝜔 = 𝐻𝑙𝑝 𝑒𝑗𝜔 𝑋 𝑒𝑗𝜔

𝑌 𝑒𝑗𝜔 = 𝑊3 𝑒𝑗𝜔 +𝑊4 𝑒𝑗𝜔 = 𝐻𝑙𝑝 𝑒𝑗 𝜔−𝜋 +𝐻𝑙𝑝 𝑒𝑗𝜔 𝑋 𝑒𝑗𝜔

𝑌 𝑒𝑗𝜔 =?

= 𝐻𝑙𝑝 𝑒𝑗 𝜔−𝜋 𝑋 𝑒𝑗𝜔
= 𝐻𝑙𝑝 𝑒𝑗 𝜔−𝜋 𝑋 𝑒𝑗 𝜔−2𝜋



The Discrete-Time Fourier Transform 
(ch.5)
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The multiplication property

𝑌 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑦 𝑛 𝑒−𝑗𝜔𝑛 = ෍

𝑛=−∞

+∞

𝑥1 𝑛 𝑥2 𝑛 𝑒−𝑗𝜔𝑛

𝑌 𝑒𝑗𝜔 =
1

2𝜋
න
2𝜋

𝑋1 𝑒𝑗𝜃 𝑋2 𝑒𝑗 𝜔−𝜃 𝑑𝜃𝑦 𝑛 = 𝑥1 𝑛 𝑥2 𝑛
ℱ

𝑌 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥2 𝑛
1

2𝜋
න
2𝜋

𝑋1 𝑒𝑗𝜃 𝑒𝑗𝜃𝑛𝑑𝜃 𝑒−𝑗𝜔𝑛

𝑌 𝑒𝑗𝜔 =
1

2𝜋
න
2𝜋

𝑋1 𝑒𝑗𝜃 ෍

𝑛=−∞

+∞

𝑥2 𝑛 𝑒−𝑗 𝜔−𝜃 𝑛 𝑑𝜃

𝑌 𝑒𝑗𝜔 =
1

2𝜋
න
2𝜋

𝑋1 𝑒𝑗𝜃 𝑋2 𝑒𝑗 𝜔−𝜃 𝑑𝜃

Proof

𝑥1 𝑛 =
1

2𝜋
න
2𝜋

𝑋1 𝑒𝑗𝜃 𝑒𝑗𝜃𝑛𝑑𝜃

Periodic convolution
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The multiplication property

Examples

Solution

𝑥1 𝑛 =
sin 𝜋𝑛/2

𝜋𝑛

𝑥 𝑛 = 𝑥1 𝑛 𝑥2 𝑛

𝑥2 𝑛 =
sin 3𝜋𝑛/4

𝜋𝑛

𝑋 𝑒𝑗𝜔 =
1

2𝜋
න
−𝜋

𝜋

𝑋1 𝑒𝑗𝜃 𝑋2 𝑒𝑗 𝜔−𝜃 𝑑𝜃

 Convert to ordinary convolution

Define ෠𝑋1 𝑒𝑗𝜔 = ൝
𝑋1 𝑒𝑗𝜔 , −𝜋 < 𝜔 < 𝜋

0, otherwise

𝑋 𝑒𝑗𝜔 =
1

2𝜋
න
−𝜋

𝜋

෠𝑋1 𝑒𝑗𝜃 𝑋2 𝑒𝑗 𝜔−𝜃 𝑑𝜃 =
1

2𝜋
න
−∞

∞

෠𝑋1 𝑒𝑗𝜃 𝑋2 𝑒𝑗 𝜔−𝜃 𝑑𝜃

𝑋 𝑒𝑗𝜔 =?



The Discrete-Time Fourier Transform 
(ch.5)
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Duality

Duality in the discrete FS

𝑓 𝑚 =
1

𝑁
෍

𝑟= 𝑁

𝑔 𝑟 𝑒−𝑗𝑟 2𝜋/𝑁 𝑚

𝑓 𝑘 =
1

𝑁
෍

𝑛= 𝑁

𝑔 𝑛 𝑒−𝑗𝑘 2𝜋/𝑁 𝑛

g 𝑛
ℱ𝒮

𝑓[𝑘]

𝑓 𝑛 =
1

𝑁
෍

𝑘= 𝑁

𝑔 −𝑘 𝑒𝑗𝑘 2𝜋/𝑁 𝑛

𝑓 𝑛
ℱ𝒮 1

𝑁
𝑔[−𝑘]

𝑚 = 𝑘, 𝑟 = 𝑛 𝑚 = 𝑛, 𝑟 = −𝑘

⟹ ⟹

Every property of the discrete FS has a dual.
 Examples

𝑥 𝑛 − 𝑛0 𝑎𝑘𝑒
−𝑗𝑘 2𝜋/𝑁 𝑛0

ℱ𝒮

𝑒𝑗𝑚 2𝜋/𝑁 𝑛𝑥 𝑛 𝑎𝑘−𝑚
ℱ𝒮

෍

𝑟= 𝑁

𝑥 𝑟 𝑦 𝑛 − 𝑟 𝑁𝑎𝑘𝑏𝑘
ℱ𝒮

𝑥 𝑛 𝑦 𝑛
ℱ𝒮 ෍

𝑙= 𝑁

𝑎𝑙𝑏𝑘−𝑙

Consider 𝑓 𝑚 and 𝑔 𝑟 are periodic
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Examples

𝑏𝑘 = ൞

1

9

sin(5𝜋𝑘/9)

sin(𝜋𝑘/9)
, 𝑘 ≠ multiple of 9

5/9, 𝑘 = multiple of 9

𝑥 𝑛 = ൞

1

9

sin(5𝜋𝑛/9)

sin(𝜋𝑛/9)
, 𝑛 ≠ multiple of 9

5/9, 𝑛 = multiple of 9

Duality

𝑎𝑘 =?

①Dual in the frequency domain: 𝑛 → 𝑘

②Time domain signal

ℱ𝑆𝑔 𝑛 𝑏𝑘
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Duality

൞

1

𝑁

sin 2𝜋𝑘(𝑁1 + 1/2)/𝑁

sin(𝜋𝑘/𝑁)
, 𝑘 ≠ 0,±𝑁,±2𝑁,⋯

2𝑁1 + 1 /𝑁, 𝑘 = 0,±𝑁,±2𝑁,⋯

ℱ𝑆

𝑥 𝑛 = ൞

1

9

sin(5𝜋𝑛/9)

sin(𝜋𝑛/9)
, 𝑛 ≠ multiple of 9

5/9, 𝑛 = multiple of 9
𝑎𝑘 =?

Examples
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Examples

𝑏𝑘 = ൞

1

9

sin(5𝜋𝑘/9)

sin(𝜋𝑘/9)
, 𝑘 ≠ multiple of 9

5/9, 𝑘 = multiple of 9

𝑔 𝑛 = ቊ
1, 𝑛 ≤ 2
0, 2 < 𝑛 ≤ 4

𝑥 𝑛 = ൞

1

9

sin(5𝜋𝑛/9)

sin(𝜋𝑛/9)
, 𝑛 ≠ multiple of 9

5/9, 𝑛 = multiple of 9

Duality

𝑎𝑘 =?

g 𝑛 is periodic (N = 9)

①Dual in the frequency domain: 𝑛 → 𝑘

②Time domain signal

③Duality

𝑎𝑘 =
1

𝑁
𝑔 −𝑘 = ቊ

1/9, 𝑘 ≤ 2

0, 2 < 𝑘 ≤ 4

ℱ𝑆𝑔 𝑛 𝑏𝑘
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Duality

Duality between discrete FT and continuous FS

𝑥 𝑛 =
1

2𝜋
න
2𝜋

𝑋 𝑒𝑗𝜔 𝑒𝑗𝜔𝑛𝑑𝜔

𝑎𝑘 =
1

𝑇
න
𝑇

𝑥 𝑡 𝑒−𝑗𝑘𝜔0𝑡𝑑𝑡

𝑋 𝑒𝑗𝜔 = ෍

𝑛=−∞

+∞

𝑥 𝑛 𝑒−𝑗𝜔𝑛

𝑥 𝑡 = ෍

𝑘=−∞

+∞

𝑎𝑘𝑒
𝑗𝑘𝜔0𝑡

Discrete FT

Continuous FS

𝑛 → 𝑘𝜔0, 𝜔 → −𝑡
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Properties of discrete-time Fourier Transform

Examples
𝑥 𝑛 =

sin(𝜋𝑛/2)

𝜋𝑛
𝑋 𝑒𝑗𝜔 =?

ℱ𝒮
𝑔 𝑡 = ቊ

1, 𝑡 ≤ 𝑇1 (𝑇1 = 𝜋/2)

0, 𝑇1 < 𝑡 ≤ 𝑇 𝑎𝑘 =
sin 𝑘𝜔0𝑇1

𝑘𝜋
, 𝑘 ≠ 0

𝑎𝑘 =
sin(𝑘𝜔0𝜋/2)

𝑘𝜔0𝜋

②CT signal

𝜔0 = 1
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Properties of discrete-time Fourier Transform

Examples
𝑥 𝑛 =

sin(𝜋𝑛/2)

𝜋𝑛
𝑋 𝑒𝑗𝜔 =?

ℱ𝒮
𝑔 𝑡 = ቊ

1, 𝑡 ≤ 𝑇1 (𝑇1 = 𝜋/2)

0, 𝑇1 < 𝑡 ≤ 𝑇 𝑎𝑘 =
sin(𝑘𝜋/2)

𝑘𝜋②CT signal

sin 𝜋𝑘/2

𝜋𝑘
=
1

𝑇
න
𝑇

𝑔 𝑡 𝑒−𝑗𝑘𝑡𝑑𝑡 =
1

2𝜋
න
−𝜋/2

𝜋/2

𝑔 𝑡 𝑒−𝑗𝑘𝑡𝑑𝑡

sin 𝜋𝑛/2

𝜋𝑛
=

1

2𝜋
න
−𝜋/2

𝜋/2

𝑔 −𝜔 𝑒𝑗𝜔𝑛𝑑𝜔

𝑋 𝑒𝑗𝜔 = 𝑔 −𝜔 = ቊ
1, 𝜔 ≤ 𝜋/2

0, 𝜋/2 < 𝜔 ≤ 𝜋

𝑛 = 𝑘𝜔0, 𝑡 = −𝜔

𝜔0 = 1

∴
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Duality

Summary FS and FT expressions
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 Fourier transform for periodic signals 

 Properties of discrete-time Fourier transform

 The convolution property

 The multiplication property

 Duality

 Systems characterized by difference equations
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System characterized by difference equations

෍

𝑘=0

𝑁

𝑎𝑘𝑦 𝑛 − 𝑘 = ෍

𝑘=0

𝑀

𝑏𝑘𝑥 𝑛 − 𝑘

෍

𝑘=0

𝑁

𝑎𝑘𝑒
−𝑗𝑘𝜔𝑌 𝑒𝑗𝜔 = ෍

𝑘=0

𝑀

𝑏𝑘𝑒
−𝑗𝑘𝜔𝑋 𝑒𝑗𝜔

𝐻 𝑒𝑗𝜔 =
𝑌 𝑒𝑗𝜔

𝑋 𝑒𝑗𝜔
=
σ𝑘=0
𝑀 𝑏𝑘𝑒

−𝑗𝑘𝜔

σ𝑘=0
𝑁 𝑎𝑘𝑒

−𝑗𝑘𝜔
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System characterized by difference equations

Examples

𝑦 𝑛 − 𝑎𝑦 𝑛 − 1 = 𝑥 𝑛 , 𝑎 < 1

𝐻 𝑒𝑗𝜔 =
1

1 − 𝑎𝑒−𝑗𝜔

ℎ 𝑛 = 𝑎𝑛𝑢 𝑛

ℎ 𝑛 =?

Solution

Causal LTI system
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System characterized by difference equations

Examples

𝑦 𝑛 −
3

4
𝑦 𝑛 − 1 +

1

8
𝑦 𝑛 − 2 = 2𝑥 𝑛

𝐻 𝑒𝑗𝜔 =
2

1 −
3
4
𝑒−𝑗𝜔 +

1
8
𝑒−𝑗2𝜔

ℎ 𝑛 = 4
1

2

𝑛

𝑢 𝑛 − 2
1

4

𝑛

𝑢 𝑛

ℎ 𝑛 =?

Solution

=
4

1 −
1
2
𝑒−𝑗𝜔

−
2

1 −
1
4
𝑒−𝑗𝜔

=
2

1 −
1
2
𝑒−𝑗𝜔 1 −

1
4
𝑒−𝑗𝜔

Causal LTI system
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System characterized by difference equations

Examples

𝑦 𝑛 −
3

4
𝑦 𝑛 − 1 +

1

8
𝑦 𝑛 − 2 = 2𝑥 𝑛

𝑌 𝑒𝑗𝜔 = 𝐻 𝑒𝑗𝜔 𝑋 𝑒𝑗𝜔 =
2

1 −
1
2
𝑒−𝑗𝜔 1 −

1
4
𝑒−𝑗𝜔

1

1 −
1
4
𝑒−𝑗𝜔

𝑦 𝑛 = −4
1

4

𝑛

− 2 𝑛 + 1
1

4

𝑛

+ 8
1

2

n

𝑢[𝑛]

𝑥 𝑛 =
1

4

𝑛

𝑢 𝑛

Solution

=
2

1 −
1
2
𝑒−𝑗𝜔 1 −

1
4
𝑒−𝑗𝜔

2 = −
4

1 −
1
4
𝑒−𝑗𝜔

−
2

1 −
1
4
𝑒−𝑗𝜔

2 +
8

1 −
1
2
𝑒−𝑗𝜔

𝑦 𝑛 =?

Causal LTI system


