The Continuous-Time Fourier Transform
(ch.4)

[ Representation of aperiodic signals- Continuous Fourier Transforn



Continuous Fourier Transform
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Continuous Fourier Transform

Development of FT
[ Consider a signal of finite duration, x(t) = 0 if |t| > Ty
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[ Periodic extension of x(t) with T
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Continuous Fourier Transform

FT pairs
X(jw) = f x(t) e /@tdt Fourier transform (FT)
x(t) = EJ X(jw) e!*tdw Inverse Fourier transform

 x(t) is a linear combination (specifically, an integral) of sinusoidal
signals at different frequencies

4 X(Jw)(dw/2m) is the weight for different frequencies

d X(Jw) is called the spectrum



Continuous Fourier Transform

FT vs. FS
Fourier transform (FT) Fourier series (FS)
x(t) X(t)
T T t —2T -7 -T, 0 T, T 2T t
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x(t) = —f X(jw)el“dw x(t) = z A€
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a, = %X(]'w) with w = kwg



Continuous Fourier Transform

Convergence of FT

1 Condition 1: Finite energy condition

f lx(t)]?dt < oo

] Condition 2: Dirichlet condition

(1) Absolutely integrable ffooo lx(t)|dt < oo

(2) Finite maxima and minima in one period with in any finite interval

(3) Finite number of finite discontinuities in any finite interval



Continuous Fourier Transform

Examples
Consider the signal x(t) = e ®u(t),a >0

Determine its FT
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Continuous Fourier Transform

Examples

x(t) =e %t g >0

X(jw) =7

Solution

X(jw) =[
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Continuous Fourier Transform

Examples
- (D) = 6() X, (jw) =? X1 (6)
0] A o)
X (jw) = f S(e 7@t dt =1 0 - 0 -
- x,(t) =1 Xo,(jw) =7 x,(t) X, (jw)
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X, (jw) = j e IOt dt = 28 (w)

T -
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Hints:
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Continuous Fourier Transform

Examples
1,|1t| < T .
x(t) = el < T X(jw) =2
0,|t]| > T, "
Solution L1
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o sinwT.
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Continuous Fourier Transform

Examples

oy Lol < W
X(ow) = {O,le > W
Solution
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Continuous Fourier Transform

Examples ok

Xa(t)
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The Continuous-Time Fourier Transform
(ch.4)

[ Fourier transform for periodic signals



Fourier transform for periodic signals

1 A period signal can be represented by a FS, but also a FT

— . 1 [ .
x(t) = 2 a,elkwot x(t) = Ef X(jw)el®t dw
K=—0o0 -

[ The relationship between a; and X(jw)?

> Consider x;(t) = age/*®ot whose FT is

1 . .
x,(t) = %f X (jw)e!® dw = a,el*®t mh X, (jw) = 2ma,d(w — kwy)

O (0'e)

>For x(t) = z a elkwot X(jw) = z ;. 28 (w — kwy)

K=—o0 K=—o
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Fourier transform for periodic signals

Examples @
.- ] I X(w)?
2JT _-lr —i T T ll 'Ir 2IT t
2 2
Solution ~
: sin(kwyT;)
x(t) = z agelk@t  a, = nkO !
K=—o0 ‘o
00 ;’,3:‘
X(jw) = z a,2mo(w — kwg) 21 ’2
K:ogOO 2 . (k T ) gy = !/_,r‘]“\‘ l ; \‘\:\ l P : o
= z k016(w—kw0)
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Fourier transform for periodic signals

Examples

xl(t) — Sin(l)()t a, = 1/2] aA_1 = _1/2] ap, = O, k == il

X{(w) = 2 a; 2mo(w — kwy) = ]E,S(a) — wp) — 26((1) + wyp) y
K=—o0o0 ‘I

X(w) for sin wyt

—wy

x,(t) =coswot a,=1/2,k=+1,a;, =0,k # £1 L @

Xl(]w) — 7'[6(6() o wO) T 7-[6((‘) + (‘)O) Xjw) for coswgyt
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Fourier transform for periodic signals

Examples 0
()= ) 8(t—KT)
K=—o
X(t)
1 (T/2 | 1 ‘
A = _f 5(t)e Tkwoldt = — T T T T
I'J_r, T 2T T 0 T e t
T[ N X(jw)
X(]w)=? z d(w — kwy) .
11T
N 2k FF 0 F
= — (w -

17



The Continuous-Time Fourier Transform
(ch.4)

[ Properties of continuous-time Fourier Transform



Properties of continuous-time Fourier Transform

Short notation for FT pairs

x(t) = % J_ i X(jw)e/*dw X(jw) = j_oox(t)e‘fwtdt

x(t) <X X(jw)

X(Gw) = F{x()}
x(t) =F H{X(w)}
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Properties of continuous-time Fourier Transform

Linearity () F X(jw)

y(t) NN Y(jw)

U

ax(t) + by(t) BN aX(w) + bY(jw)
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Properties of continuous-time Fourier Transform

Time shifting x(t) J, X(jw)= |x(t — ty) RN e /X (jw)

 proof
1 (* .
— ; jwt
x(t) 27TJ‘_OOX(]a))e dw

1 ™ . 1 ® . .
x(t —ty) = %f X(jw)el®E=todey = oy (e‘f“)tOX(ja))) e/t dw

Flx(®)} = X(jw) = |X(jw)|e/ XU
Flx(t — ty)} = e 720X (jw) = |X(jw)|e/ X T@)-wto

A time shift on a signal introduces a phase shift into its FT, —wt, ,
which is a linear function of w. =



Examples S
1 x(t) can be expressed as — TI——
1
x(t) = Exl(t — 2.5) + x,(t —2.5) Xl
sin wT; sinw/2 T
X ] — 2 — 2 o
1(](1)) W o v
sin 3w /2 C :
Xz(ja)) = 7 - / ©

X(jw) = e~I50/2 (Sin w/2 + 2sin 3w/2>
w)=2e

w
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Conjugation and Conjugate Symmetry

[ Conjugation property  x(t) PN X(jw)=| x*(t) «<— X" (—jw)

X*(jw) = foox(t)e‘j“’tdt] = foox(t)*ejwtdt

X' (—jw) = Joox(t)*e"j“’tdt = Fix*(t)}

J Conjugation Symmetry

X(—jw) =X"(jw) |x(t) real ].

For a real-valued signal, the FT need only to be specified for positive frequencies
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Properties of continuous-time Fourier Transform

Time reversing

:F'

x(t) <= X(jw) = |x(=t) <— X(—jw)

T

dx(t) even = X(jw) = X(—jw), x(t) real = X(—jw) = X*"(jw)

3 x(t) rea
3 x(t) rea

 If x(t) real

x(t) = x.(t) + x,(t)

Fix(t)} =

Fixe(t))

Real

+ F{x, (t) }

Imaginary

and even = X(jw) real and even

and odd = X(jw) purely imaginary and odd

} { Ept1x(1)} Lor X (jw)}
O41x(t)} L ImX(jw)}
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Properties of continuous-time Fourier Transform

Example

e~y (t) <—gi> 1/(a+ jw)

—alt) L, 2a/(a? + w?)

Jd Fora>0
e
1 use FT properties

et = =ty (t) + eMu(—t) = 26 ,{e " %u(t)}

1
E e ®u(t)} R R, {a+ja)}

q Foop it 2a
—Qa -
€ ‘la+jw a2 + w2
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Properties of continuous-time Fourier Transform

Differential and integration

x(t) i) X(jw) =

dx(t)

T
—> JoX(w)

] Proof

dt

L.

F o1 __
x(D)dr < -5X(jw) + nX(0)5(w)

co

dx(t) d(ef“’t)
dt f X(jw) o) X
J x(t)dt —J an X(jw) e/"dw dt = %
jwT
Zn'J T——00 ](1) ]da)
_ 1 (" X(w)

- 2m)_, jw

el®tdw,w # 0

00

(jw) - jw - e!*tdw
t .
X(ja))f el“Tdt dw
jwT

lim 2 DC component

T—>—00 ja) 26




Properties of continuous-time Fourier Transform

e t <0

Differential and integration )
_ _ 2ttt >0’

Let z(t) = {

a>0 sgn(t) = gri_r)r(l) z(t)

‘ Fo1_
j x(t)dt <— j—wX(]a)) + X (0)6(w)

0 00
F{z(t)} = J —e%te IOt +J e eIt e
— 00 0

|
|
I
|
I
|
|
d Proof | ) -
t 1 (@ t — _ (a—jw)t —(a+jw)t
j x(t)dt = — f X(ia))j e/“tdrdw : f € dt+] € dt
—00 ZTCJ—OO —00 | - 0
e - | 1 1 2w
=57 X(]a)) u(t —1)e/*"dr dw : Ta+jo a—jo  a?+ w?
—00 —oo |
I N : | —2jw 2
— jw(t—p) F t —l Filz(t —l
o) X(jw) _Oou(p)e dp dw : {sgn(0)} im {z(D)} = lim M 21 o2 ja)
1 [ e . . | 1 1
| ¥ —jwp gy piwt | _Z -
o) (jw) _oou(p)e dp e/“*dw | u(t) ngn(t)+2
|
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Properties of continuous-time Fourier Transform

Example T of unit sept x(t) = u(t)

t
g(t) =46(t) <—gi> Gw) =1 x(t) =u(t) = f S(t)dt

J use integration property
1
X(jw) = —G(]a)) + 1G(0)6(w) = ]— + mé (w)
 Recover G (jw) by differential property

dut)  F
7 j

6(t) = —+né(w) | =1

ja)
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Example  petermine the FT of x(t) ()

 Solution d
t) =—x(t
9(6) = (0 IS
g = —x ()
2 sin w L
G(jw) = — el® — p7J® | - 1
W —1 1t Y | oyt

. (b) — —
J use FT properties

X(jw) = jin(ja)) + G (0)6(w)

2sinw 2cosw

X(jw) =

jwz jw 29




X4(t)
Properties of continuous-ti i "
Wo/m

Time and frequency scaling WAV IR 7. WP\ t
F F 1w B
x(t) «— X(jw) = |x(at) «<— HX (;) (i oo
a+0 1 1
D PI‘OOf —W, W, w -W, W. w
(a) (b)
o . a(t)
Fix(at)} = J x(at)e 1@tdt W
(1 [ . Xa(jo)
Ej x(t)e J@/DTqr, a>0 !
Flx(a)} =41 | o
——j x(t)e /(@/Dtqr, a<0 e "
L 4 ©




Properties of continuous-time Fourier Transform

Duality

X1 (jo)
oT,
_T ar
T, T;
AN ARV
A\ \/ ©
Xo(jw)
1
-W W ®
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Example

x(t)
x(t)=6@1) X(jw)=1 o
x(t) =1 X(w) = 2n6(w)
Principle ()

1 % .
x(t) = Ef X(w) e’ dw

.

1 [ | oo |
x(jw) = %f X(t) - e/t dt 21 - x(—jw) = f X() - e Jotdt

X(jw)

AZTCJ(G))
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Properties of continuous-time Fourier Transform

2
14 t2

Example g(t) — G(]a)) —7

Solution: calculate G (jw) is difficult; use duality property

T
e—altl < 2a/(a®+ w?)

TR S N S A
2 )_ 1+ w?

oo

2 .
el = [ et s G(jw) = 2ne 1
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Properties of continuous-time Fourier Transform

Example
Duality property can determine or suggest other FT properties

dX(j
d);it) gij(ja)) — —jtx(t)fi d(;a))

J_toox(r)dr SR jin(]'w) + X (0)5(w)| & —jltx(t) + x(0)5(t) (_ji)f_oox(n)dn

X(t — tg) <> e ot X (jo) & lefootx(t) <X (j(w - we))
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Properties of continuous-time Fourier Transform

Parseval’s relation

]_o:olx(t)lz dt = %j:mgwnz dw

J Proof
f lx(t)|% dt =f x()x*(t) dt

— foo X(t) [%foox*(]‘a))e_jwtdw ]dt
1 jot
= X (jw) U x(t)e 1@t dt ]d

- — f_m|xgw)|2 do

35



The Continuous-Time Fourier Transform
(ch.4)

1 The convolution property



The convolution property

(&) = h(t) * x(t) <= Y(jw) = H(jw)X (o)

J proof

Y(jw) = F{y(t)} = j_+°° [j_+oox(r)h(t — T)dT] e Jotdt
= J+Oox(r) U+00h(t — T)e‘j“)tdt] dt

— f-l_oox(l-)e—jwfl—[(jw)dr =H(jw) f-l_oox('[)e—jwrd.[

=H(w)X(w)
d H(jw): Frequency response; important for analyzing LTI systems
[ Only stable continuous-time LTI systems have H(jw)
(J Non-stable continuous-time LTI system: Laplace transform
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° ',,""-\\

0 i B WY 3R #

e convolution prope 5 ol
23 ML, LT b
'9-"‘ I, a

¢ )

QZDﬂQ,

Irrecn o

E /
xampie x(t) ___.[ h(t) ]— y(t)

d Assume h(t) = 6(t — ty), Fix(t)} = X(jw), determine Y (jw)

4 Solution 1
H(jw) = e /@b Y(jw) =H(w)X(w) = e 1 X(jw)
 Solution 2
y(t) = x(t — ty) Y(jw) = e 190X (jw)
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[ ',,""-\\
g ummnik#El
§ ST RER Y
EX NI LT Y e
A Lt h, 5’-
¢ N "
‘_ 2013 F &
Jrecu oS

/ ] d
Example () __{ A J(t) = J;(tt)

 Differentiation property = Y(jw) = jwX(w)

 Convolution property = Y(jw) = Hjw)X(jw)

A Therefore, Hjw) = jw

39



The convolution property
Example t
x(t) ——[ h(t) J—— y(t) = j x(t)dt Y(w) =?

t
h(t) = f §()dr = u(t)

 Frequency response H(jw) = i + 16 (w)
Jw

 Convolution property Y(jw) = HGw)X(w)
Y(jw) = jin(ja)) + X (0)6(w)

 Consistent with integration property
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H 0 i B WY 3R #
§ ST RER Y
23 ML, LT b
B/ _,|| I, ‘l
1’0 N 2013 A
K00 “\s\
TECH Y

/
Example () __{ RO ]__. (0

h(t) = e %yu(t),a>0 x(@) =e Pu(t),b>0 y(t)=?
J Solution b # a

1 1 1
H(jw) = . X(jw) = _ Y(iw) =
U a-+jw U b+ jw () (a+jw)b+ jw)
A B 1
() a+jw b+jw A b—a b

Y(jw) = : : - (t) = : [e™ % — e Pt u(t), b #
YT —a a+jw b+jw A= —at © I !
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o ',, \\
0 i B WY 3R #
§ ST RER Y
23 ML, LT b
B/ _,|| I, ‘l
1’0 N 2013 A
K00 “\s\
TecH ¥

Frample w0 — ho  J— y®
h(t) = e %u(t),a>0 x@) =e Pu(t),b>0 y(t)=?
J Solution b = a 1 ; )
) = Gy =gl va

e~u(t) — 1/(a+jw)

d 1
—at o

) <
te™u(t) ]da)[a+jw]

= y(t) = te”*u(t)
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The Continuous-Time Fourier Transform
(ch.4)

J The multiplication property



”"-“‘\
. o ° £ ol mey
e MUITIplICation prope
n‘ III|||I|I I|I|||III ‘n
?L-' - &
QZDﬂQ,
4’TECH\-‘“\

1 (0.0)
r() = s@Op@) <E> R(w) = j S(O)P(i(w — 0))d6

 multiplication of two signals is often referred to as amplitude modulation

1 w - 1 m L ,
_ . jot T . I\, jw't /
s(Op(t) = j_ Oosge)e df f_ OOP(]a) Yel@'t dw

1 (1 % . ,
_ — S 1 N ,j(0+w )t /
e f_oo e f_ooS(]H) Pw")e dfdw

w =w-—20

1 (*® 1 % .
— 5 P ' () — jot

21 f_oo 21 f_ooS[](Q)] P(j(w —0))e’" dfdw

N R(j@)

—_ T VP (i _ jowt
27 ) om _005(16) (j(w—0))dOe’*" dw
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The multiplication property A”\

—(.IJ'1 I.IJ1 W

(a)

Example

Consider a signal p(t) = cos wyt and a signal s(t)
with spectrum S(jw), determine the FT of r(t) =

p(t)s(t) [

P{w)

d Solution  P(jw) = m6(w — wy) + 18 (w + wg)

(b)

R(jw)=1/2n-S(w) * P(jw) Rli) = 2 [S(o) - Pl

- (!)0 g w

=1/2n-S(jw) * [m6(w — wg) + 6 (w + wy)] TJKT T/:\
(—wg — ) (g + o) (wo — @) (wg + @)

(©

= 1/2[S[j(w — wg)] + S[j(w + wy)]
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The multiplication property

Example g(t) =r(t)p(t) G(w) =?

R(jw)
~‘» A/2
PAN S\
- (!JD (a) (.00 w
o P(jw) ™
o (®) “0 ?
G(jw)
A/4 A/2 A/4
,'/I.\ A
—2wyg — w4 w4 2uyg )
(©
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The multiplication property

sin(t) sin(t/2)

Example x(t) = > X(jw) =?
T
1 Solution sin(t) sin(t/2)
x(t) =m
tt tt
1 _ {sin(t) sin(t/2)
X(w) =3 {nt}* { mt }
A X(jw)
1/2
3 | 1| ‘Il I 3

2 2 2 2 47



The Continuous-Time Fourier Transform
(ch.4)

[ System characterized by differential equations



N M
O Differential equation z d*y(t) Zb d*x(t)

PP ko dtk
K=0 K=0
. . . _Y(jw)
Y(jw) =H(jw)X(jw) — H(jw) = X(w)
N N k k
dey(t)| d*x(t) - {d y(t)} {d x(t)}
T{KZ;R dk}_ {I;)k dtk} = Kzzoak dtk Kz=ok dtk

N M N
Y(jw) Z 4 (jo)* = X(jw) z b (jw)k Z ar (jo) Y (jw) = Z b jw) X (jo)
K=0 K=0

U

H(jw) = Y(jw) Z’k‘/’ o b Gw)¥

X(]w) - k= oak(]w)k 49




System characterized by differential equations

Example dy(t)

T +ay(t)=x(t) a>0

P20 o] = #x0)

joY(w) +a¥Y(w) = X(w)

1
H(jw) = ota =  h(t) = e u(t)
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System characterized by differential equations

Example d?y(t) dy(t) dx(t)
172 + 47 + 3y(t) = T + 2x(¢)
H(jw) = (Jw) + 2

(jw)?’+4(jw) + 3

Hj )_1 1 +1 1
@ 2jo+1 2jw+3

h(t) = %e‘tu(t) + %e‘“u(t)
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System characterized by differential equations

Example
x(t) ——»[ h(t) ]—— y(t)
— pt d’y(t) = dy(t) dx(t)
x(t) = e "u(t) S A Sy = 42w y(t) =2
1 Solution

Jjw + 2 I Jw + 2

Y(jw) = Hjw)X(jw) = (w+D(w+3)jo+1 (o+1)?(o+3)

_ A1q Aq; + Az 4 1 1, 1
jw+1 (]a)+1)2 jw + 3 117y Ap=5 Ty
11 1 1 1 1 .1 1
1% __ _Z y(t)=|-et+=-te " ——e¢ ]u(t)
(o) 4]a)+1 Ti0e+1? dj0+3 4 2 4



