Fourier Series Representation of Periodic
signals (ch.3)

[ The response of LTI systems to complex exponentials



The response of LTI systems to complex exponentials

Recall Chapter 2

J Objective: characterization of a LTl system

x(t) ——»[ LTI J—- y(t)

1 x(t) is considered as linear combinations of a basis signal §(t)

oo

x(t) = f Tt - dr > y(t) = f x(Dh(t — 1) dr

— CO

1 §(¢t) is not the only one. In general, a basic signal should satisfy

* It can be used to construct a broad and useful class of signals
* The response of an LTI system to the basic signal is simple



The response of LTI systems to complex exponentials

et ——»[ LTI J—— y(t) =?

Continuous-time

y(t) = jwh(r)es(t_r)dr = St jooh(r)e_”dr
et " h@estdr = H(s) - y(t) = H(s)e*

 e5t is an eigenfunction of the system
* For a specific value s, H(s) is the corresponding eigenvalue




The response of LTI systems to complex exponentials

Continuous-time

est ——-'[ LTI J—-f h(t)e S%dreSt = H(s)e"t

If x(t) = a,es1t + a,eS2t+azes3t y(t) =?

y(t) — alH(Sl)eS1t + aZH(52)852t+a1H(83)eS3t

Generally, if x(t) = 2 a ekt
k

y(©) = ) aH(s)e™

k 3



The response of LTI systems to complex exponentials

Discrete-time

z" [ LTI J—- y[n] =?
y[n] = h[k]z"F = z" h[k]z™*
k:z—oo k=z—oo
et H[z] = Z hiklz™* - y[n] = H[z]z"
k=—o0

* z™ is an eigenfunction of the system
* For a specific value z, H|z] is the corresponding eigenvalue






The response of LTI systems to complex exponentials

Examples

For a LTI system y(t) = x(t — 3), determine H(s)

Solution 1:

let x(t) = eS¢, y(t) = eS(t=3) = g=35¢5t

~H(s)=e3
Solution 2:

H(s) = f h(t)e™ " dt = f 6(t —3)e Tdrt = e3¢



The response of LTI systems to complex exponentials

Examples

For a LTI system y(t) = x(t — 3)
If x(t) = cos(4t) + cos(7t), y(t) =?

Solution 1:  y(t) = cos(4(t — 3)) + cos(7(t — 3))

1 . 1 . 1 . 1 .
Solution 2: x(t) = Eef‘” + Ee_JM + Eeﬂt n Ee—]7t
T o 1 /PR SN i
y(@©) =S H(4e ™ + S H(—j4)e™* + S H(j7)e/"" + 5 H(=jT)e™
s 1 . . 1 ... . 1 .. 1 .. .
H(S):e — —p ]126]4t+_e]126 ]4t+_e ]21e]7t+_€]21€ j7t
2 ) 2 2
1 1 1 1

— _pJ4(t-3) ;. — ,—j4(t-3) 4. _ ,Jj7(t-3) . _ ,—j7(t-3)
5 e + 5 e + 5 e + 5 e



Fourier Series Representation of Periodic
signals (ch.3)

[ Fourier series representation of continuous periodic signals



Recall

] Decompose x(t) into linear combinations of basis signals, which should satisfy

* It can be used to construct a broad and useful class of signals
* The response of an LTI system to the basic signal is simple

J Complex exponentials are eigenfunctions of a LTl system

[ Can we represent x(t) as linear combinations of complex exponentials?

9



Fourier series representation of C-T periodic signals

Linear combination of harmonically related complex exponentials

 Harmonically related complex exponentials (consider eS¢ with s purely imaginary)
0 (t) = elk@ot = @IRQ2T/TIt | =0, 41,42, ...

For any k # 0, fundamental frequency |k|w,; fundamental period °T 4

|klwo k|

[ Linear combination of @, (t) is also periodic

co 00
x(t) — Z ake]kwot — Z ake]k(zn/T)t
k=—o0 k=—o0

 Representation of a periodic signal by Linear combination of @, (t) is referred
to as Fourier Series representation, w, is the fundamental frequency

3 For a,e/*®ot Lk = 0: DC component; k = +1: fundamental (first harmonic)
components; k = +N: Nth harmonic components 10



Fourier series representation of C-T periodic signals

Linear combination of harmonically related complex exponentials

J An example

3 .
P =) el

k=-3
Anday=1,ai =a_1=1/4,a, =a_,=1/2,a3=a_3 =1/3
X(t) — 1_|_1(ej2nt+e—j2nt)_|_1(ej4nt+e—j4nt)+1(ej67tt+e—j6nt)
4 2 3

1 2

=1+ Ecos 21t + cos 4t + §cos 61Tt

11



Fourier series representation of C-T periodic signals

Linear combination of harmonically related complex exponentials

] Real signal

(0.0) 0.0) (0.0)
x(t) = 2 apelf@ot  x*(t) = Z ay e Tkwot = 2 a’ ekt
k=—o00 k=—o00 k=—o0

Real = x(t) = x*(t) = a, =a’,, ora, =a_; (Conjugate symmetry)

[ Alternative form of Fourier Series for real signal
X(t) = a, + z [akejka)ot + a_ke—jka)ot]
k=1

= ay + zk_lzﬁe[akefk“’ot] =ay+ 2 k—1Ak cos(kwyt + 6y)

12

aAr = Akejek



Fourier series representation of C-T periodic signals

Determine the Fourier Series Representation

T T 00
f x(t)e Jnwoldt =f z a el K@t g—Inwol gt
0 0 k=—o0 _ {T,k =N

00 T
— Z Ay [[ ej(k_n)wotdt]
k=—o00 0

1 (7 .
S, = T,f x(t)e /Mol
0

1

ay = zj(t)e_j’“"otdt
T

0.k #n - 1olk—n]

13



Fourier series representation of C-T periodic signals

Fourier Series pair

(00)
x(t) = E a,e’k@ot  Synthesis equation
k=—o00

1 .
a; = fo(t)e_fk‘“otdt Analysis equation
T

A a,,: Fourier Series coefficients or spectral coefficients of x(t)

1
ay = fo(t)dt
T

14



Fourier series representation of C-T periodic signals

Determine the Fourier Series Representation

d Examples: determine the FS coefficients of x(t)

x(t) = sinwyt

SIn wot = lej(‘)ot — g Jwot
v2 2j
. ! 1
"0=g a4 =g ae=0fork# 4l

15



Fourier series representation of C-T periodic signals

Determine the Fourier Series Representation

d Examples: determine the FS coefficients of x(t)

T
x(t) =1+ sinwyt + 2 cos wyt + cos (Za)ot + Z)
1. . . . .
J
2

~x(t) =1+ (1 + i) e/ @ot 4 (1 — l) e~ J@ol %ej"/‘*ejzwot + %e‘j”/‘*e‘jz“’ot

aO a1 a_1 az a_z

16



Determine the Fourier Series Representation

d Examples: determine the FS coefficients of x(t)

x(t) =1H+ (1 n 1>ejwot + (1 —l>.e_fwot _|_lejn/4ej2w0t +18_jn/4|e_j2w0t

2 2 2 2
Ao aq a_q a-, a_-,
| a |
g ay
SRR
® ® ® ® Ol ® P—ai = — e — ey
-3-2-1 0 1 2 3 k -3 2 3

17



Determine the Fourier Series Representation

[ Examples: determine the FS coefficients of x(t) L <T
5 A e o 7 <li<m
—2JT —':' _':' Ty T, ll 1|— 2IT t
2 2
1 T/2 1 1 2T,
ao:_f x(t)dt=—f ldt = —
') _r/ rJ_r T
T ‘kwoT —jkwyT
0 — lf 1e—jkw0tdt _ 1 e—fkwot| T, _ 2 [elkwoT1 _ p—JkwoTy
TJ ., jkwoT -7 kw,T 2]
| _ : sinc(x) = sin(x)
2sin(kwyTy) sin(kwT,) 2Tylsin(kw,T;) X
p— — — ,k + O
k(l)oT k1t T ka)OTl 18




Determine the Fourier Series Representation . an
— 1l

J Examples: determine the FS

coefficients of x(t)
»—l—o,—o‘~|——‘~|—‘-’|—-—l‘.l:~2 0 W
(@)
2sin(kwyTy) sin(kwyTy)
a = — T = 8T;

kwoT km |||||
2T; sin(kwqT
_ 1 sin(kw, 1)k;t0 LU k

T kwo Tl ’ (b)




Fourier Series Representation of Periodic
signals (ch.3)

1 Convergence of the Fourier series



Convergence of the Fourier series

History

J Using “trigonometric sum” to describe periodic signal can be
tracked back to Babylonians who predicted astronomical events
similarly.

L. Euler (in 1748) and Bernoulli (in 1753) used the “normal mode”
concept to describe the motion of a vibrating string; though JL
Lagrange strongly criticized this concept.

 Fourier (in 1807) had found series of harmonically related
sinusoids to be useful to describe the temperature distribution
through body, and he claimed “any” periodic signal can be » B\
represented by SUCh SerieS. Jean Baptiste Joseph Fourier

March 21 1768 - May 16 1830
Born Auxerre. France. Died Paris. France.

 Dirichlet (in 1829) provide a precise condition under which a
periodic signal can be represented by a Fourier series.

21



Convergence of the Fourier series

Convergence problem

J Approximate periodic signal x(t) by xy(t) = Ilg:_N akejkwot

] How good the approximation is?
n® = 2O -2y @O =3O =) aelnt By = | ley(@)Pd
T

 Whena, = ;fo(t)e‘jk“’Otdt, Ey is minimized; N > 0o = Ey — 0
d Problem:

* a; may be infinite
ke Y Convergence problem!

N — o0, xn(t) may be infinite 22



Convergence of the Fourier series

Two different classes of conditions

1 Condition 1: Finite energy condition
If fT lx(t)|?dt < o, x(t) can be represented by a FS
* Guarantees no energy in their difference; FS is not equal to x(t)

] Condition 2: Dirichlet condition

x(t)

(1) Absolutely integrable [ |x(t)|dt < oo

An example: a periodic signal

x(t)=%,0<t§1 \kk\\

is not absolutely integrable. L



Convergence of the Fourier series

Two different classes of conditions

] Condition 2: Dirichlet condition

(2) In any finite interval of time, x(t) is of bounded variation; finite maxima
and minima in one period

An example: a periodic signal

2T

x(t)

x(t)=sin<T>,O<tS1 ...” | /\ q} /\
meets (1) but not (2).




Convergence of the Fourier series

Two different classes of conditions

] Condition 2: Dirichlet condition

(3) In any finite interval of time, only a finite number of finite discontinuities

An example: a periodic signal meets (1) and (2) but not (3).

* Dirichlet condition guarantees x(t) equals
Its Fourier Series representation, except
for discontinuous points.

x(t)

« Three examples are pathological in nature — |
and do not typically arise in practical

JJ:
O
JJ

contexts. 8 16



Convergence of the Fourier

Example

J x(t) is a square wave

N
xy(t) = Z a, el kwot

k=—N

Al’im xn () = x(t;)

AP P A L WP P P,

] \N 7 N=19
%J \ S Ay lA_\.ré‘v-"i"'v
-T, 0 N/ —T, 0 '

(© (d)
Xn(Y)
b i
N=79
4 3




Fourier Series Representation of Periodic
signals (ch.3)

. Properties of continuous-time Fourier series



Properties of continuous-time FS

] Use the notation

x(t) <>

to signify the paring of a periodic sighal with its FS coefficients.

[ Linearity: if x(t) and y(t) are periodic signals with the same period T

x(t) < a

. = 2(t) = Ax(t) + By(t) <2 ¢, = Aay, + Bby,
y(t) < by

28



Properties of continuous-time FS

J Time shifting
FS FS

x(t) < ax =  x(t—ty) <> e Jrwolog,
-l Proof
t — tO =T
1 ” 1 ”
—jx(t — tg)e Ii@ol gt = —Jx(r)e‘f @o(T+to) g
I Jr I'Jr

= e‘jk“)otolfx(r)e‘jk‘”ofdr
I Jr

— p—Jjkwot
— e J 0t0

29



Properties of continuous-time FS

J Time reversal

FS FS
x(t) <—— ar = y(t) =x(—t)«<— by =a_y
J Proof
x(t) = Z akejkwot: x(—t) = Z a; elkwo(=0) = z a, el CIwot
k=—o0 k=—o k=—
— z a_mejmwot
m=—oo

A If x(t) even, a_;, = ay, if x(t) odd, a_;, = —ay

30



Properties of continuous-time FS

J Time scaling

2O <5 @ = yt) = x(at) L2 by = ay
] Proof
x(t): Z akejkat:X(at)z z akejka)oatz 2 akejk((la)o)t
k=—00 k=—co0 k=—o00

FS coefficients the same, but fundamental frequency changed.

31



Properties of continuous-time FS

0 L5 a
T rs 3 a0 =20y T b= Y ab

y(t) <—— bk =
J Proof . N
x(t)y(t) = z q el @ot 2 b, el Mol — 2 2 a;b,, el (ITmMwot
l——w m=—oo . L——wrn——w
= z Z a, by e/*®ot = Z Z a, by /ot
[=—00 k=—00 k=—oo|l=—00

Ry

(0.0
32

k=—o00



Properties of continuous-time FS

 Conjugation and conjugate symmetry

x(t) PRI a, = z(t) =x"(t) o, b = aZy

d Proof

00 oo —k=m o
X(t) — z akejkwot X*(t) = Z a;e_jkwot — Z a*_mejmwot
k=—o0 k=—o0 mMm=—00
QIf x(t) real, ap, = a_ (conjugate symmetry) = |ay| = |a_k|

* x(t) real and even (a_; = ay) = a, = a, = ay real and even
e x(t) real and odd (a_, = —ay) = a, = —a, = a; pure imagery and odd

'ao =7

33



Properties of continuous-time FS

] Differentiation and Integration Fs
dx(t)/dt < jkwoay

FS ¢
) «<—— Qa
*(t) © V[ x@ar FE agkay)
J Proof —®

00 o

dx(t) d(elwot) , |
dt Z Tar T Z aijkwoe "

k=—o0 k=—o0

oo

t ® t
f X(T)dl’: z akf ejkaTdT: z ak/(l-kwo)ejka)ot

o k=—0o0 k=—0o0

34



Properties of continuous-time FS

J Frequency shifting

FS .
x(t) < ax = /Moty (y) BRUCIN As—
J Proof
0.0) (0.0)
ff=—00 fk=—o00
0.0)

[=—o00

35



Properties of continuous-time FS

) Periodic convolution

x(t) <

FS
SRR j x(@Dy(t — Ddt <S> Ta,b,
y(t) < by T
J Proof
jx(r)y(t—r)dr—j 2 a, elf@ot z b,,e/m@e(t=7) g4z
m=—oo
] Z 2 a e]ka)orb e ]mwore]ma)oth
L= m=s To[k —m.

2 a 2 e]ma)otb je]kaTe_]mwOTdT Z Ta b e]kwot
T

k=—o00 m=—oo k=—o0




Properties of continuous-time FS

) Parseval’s relation

R Y fa

- Proof e
f|x(t)| dt = —fx(t)x (t)dt = fx(t) RZOO aeJkwot dt
2 akax(t)e —Jkwot gt

k_—oo

37



Properties of continuous-time FS

) Parseval’s relation

00)

P rordc= Yz

k=—o0

1[ . 1
= |aper oot 2dt = = j g dt = |y |2
T T T T

3 |a,|? is the average power in the k-th harmonic component of x(t)

] Total average power in x(t) equals the sum of the average powers in all of
its harmonic components

38



Properties of co

J Summary

Property Section Periodic Signal Fourier Series Coefficients
x(t) | Periodic with period T and a,
y() | fundamental frequency wo = 27w/T b,
Linearity 351 Ax() + By(t) Aa; + Bb; ‘
Time Shlftlng 352 X(I - Ig) a;‘e_"""‘*"ﬂ = a;‘e“‘“z”"”‘“
Frequency Shifting g/Moot = @IMETTN () Apm
Conjugation 3.56 x'(@® a,
Time Reversal 353 x(—1) a_
Time Scaling 354 x(at), a > 0 (periodic with period T/a) a;
Petriodic Convolution J x(7)y(t — Tydr Tab,
T
+3
Multiplication 35.5 x(O¥(t) > abiy
f=—=
Differentiation dx(t) jkﬁ)(]ak = j k-zﬂak
dt T
. d (finite valued and | 1
tegrat ndt _ = —
Integration J Ot eriodic only if ap = 0) (jkwo )a" (f'k(%ﬂ") )a"
rak = a:k
Refai} = Refa_;}
Conjugate Symmetry for 356 x(1) real 1 Imla,} = —Imla_}
Real Signals il = la_yl
“‘{Hg = —4a;
Real and Even Signals 35.6 x(1) real and even a; real and even
Real and Odd Signals 35.6 x(t) real and odd a, purely imaginary and odd
Even-Odd Decomposition {xe(t) = &{x(n} [x(1) real} Refa,}
of Real Signals x,(1) = Od{x(t)}  [x(1) real) j9mlar}

Parseval’s Relation for Periodic Signals

1 =
7| opdr = > o

=—w



9@
Properties of continuous-jms | , .

d Examples S coefficients (cy) of g(t)? x(t)
 Solution 1 I
o Letx(t) =Ype_0d(t —KkT) | f q(t) |
1 f T/2 ) 1 | 1 = T, I 7 T 1
A = = 5(t)e Tkwoldt = — ;
“TT) 1 T
o letq(t) =x(t+Ty) —x(t—Ty)
1 2j sin(kwyT;)

bk — ejkon1ak _ e—jkonlak — ?(e]'kwoﬂ _ e—fkon1) —

* q(t) =dg(t)/dt - by = jkwycy

b 27 sin(kwnT. sin(kwT. 2T
k 4 ( 01)= ( 01),k=,t0 Co=—1

T

T T kwe | jkwoT ket

40



Properties of continuous-time FS

0 Examples x(t) T4 0 = Sin(llc(:()Tl)’k 20
1
sin(km /2
T = T, T w72 7 t = (kT[/ )’ k#0
g®) =x(t—1)—1/2 FS coefficients of g(t)?
3 Solution

FS _; »
x(t — 1) & e Jkwotog, = e~ 7kT/2q, | #

( 0,k # 0 (e~ikm/2q, | % 0
FsS ’ FS k»
— Sx(t—1)—1/2 o
1/2(_)<_%,k=0 x( ) / \ao_%;k=0
\

41



Properties of continuous-time FS

- Examples

Given a signal x(t) with the following facts, determine x(t)

1. x(t) is real;
2. x(t) is periodic with T=4 and FS coefficients a; = 0 for |k| > 1;
3. Asignal with FS coefficients b, = e /™*/2q_, is odd;

1 27+ 1
4, 4f4|x(t)| dt =—.
- Solution

 From2,x(t) =ay + ae! Dt + a_le_j(E)t
. bk = e~JTk/2q k corresponds to the signal x(—t + 1), which is real and odd
y —f Ix(t)lzdt——f [x(=t + D)|?dt = X7 _o |bi|? = |bo|* + |by|*+|b_1|* =

* x(—=t+1)isrealandodd = b, = —b_, =>by=0,b; = —b_; = %or-%

i a0=0,a1=_1/2,a_1=1/2 42



Fourier Series Representation of Periodic
signals (ch.3)

] Fourier series representation of discrete —time periodic signals



Fourier series representation of D-T periodic sighals

Linear combination of harmonically related complex exponentials

 Harmonically related complex exponentials
O [n] = e/*CT/N e = 0,41, 42, ...

* Fundamental frequency |k|(2§)
* Only N distinct signals in @, [n], since @ [n] = O 4+rn[1]

[ Linear combination of @, [n] is also periodic
X[Tl] — 2 (,lk@k[n] — 2 akefkwon — z akejk(ZTC/N)n
k=(N) k=(N) k=(N)

I Y ae/*(Zm/N)n. piscrete-Time Fourier Series; a: Fourier Series
coefficients

44



Fourier series representation of D-T periodic sighals

Determine the Fourier Series Representation

2 x[n]e—f’r(Zﬂ/N)n — akejk(ZR/N)n e—Jr(2m/N)n
n=(N) n=(N) k=(N) _|\Nk=7r _ -
/_{O,kin_N6[k ]

— z ak z ej(k—T)(ZTL'/N)TL — Nar

k=(N) |[n=(N)

1

na = N z x[n]e—jk(Zn/N)n
n=(N)

45



Fourier series representation of D-T periodic sighals

Determine the Fourier Series Representation

] Discrete Fourier series pair

a =% z x[n]e~k@m/N)n
n=(N)

x[n] — Z akefk(Zﬂ/N)n

k=(N)

Analysis equation; ay: Fourier Series
coefficients

Synthesis equation; Fourier Series (Finite)

 a;, is periodic x[n] = Z ;D [n] = ag@pn] + a;04[n] + -+ ay_10pn_1[n]

k=(N)

o A= Ak4+rN

= a,0,[n] + a;@;[n] + -+ ayBy[n]
= a,0;[n] + az@s|n] + -+ ayi11Oy41[n]

46



Fourier series representation of D-T periodic sighals

Determine the Fourier Series Representation

If wg = %n, x|n] is periodic with fundamental period of N.
x[n] = sin wn = — eJ@T/Mm _ L gjn/nm
o 2] 2]
1 1

Sy = Z a_, = —2—]_ a, = 0, for k # +1 in one period

2 N =5

d ay, is periodic and only one
period is utilized in the synthesis -6 ni 9
equat|0n -8—7 |-5-4-3-2 01 2 3 5 6 7 8 10 11

1 47




Fourier series representation of C-T periodic signals

Determine the Fourier Series Representation

41T T
J Examples: x[n] =1+ sm(—)n + 3 Cos(—)n + cos (Wn + 2)
x[ ] 14— 1 [e](Zn/N)n —j(Zn/N)n] +§[ej(27t/N)n + e—j(Zﬂ/N)n]
2]
_|_1(ej(47m/N+n/2) + e—j(4nn/N+n/2))
a
TEIRER O 1 N R
— _ . J(2m/N)n o —J]2m/N)n
x[n] 1+(2+2j>e +(2 2],)8
a a_p
1 ’ 1

b oJm/2lpj2(2T/N)n . o —iT/2)p—j2(21/N)n




Fourier series representation of D-T periodic sighals

Linear combination of harmonically related complex exponentials

J Realsignal g, =a*,,ora; =a_,

X[Tl] — z akejk(ZTC/N)n

k=(N)

x*[n] = z ;e Jk@T/Nn — Z a* , e/k@n/N)n

k=(N) k=(N)

x[n] =x*[n] = a; =a,

49



Determine the Fourier Series Representation

IHH,,.,,,IIIII,,,,,,HIII,,

L Examples: x[n] discrete square "N, 0 N,
N
a, = 1 ! [ ] —jk(2m/N)n — 2 —jk(Zn/N)n

N Tl=—N1 N n= _Nl

m=n+N; T 1 2N,

_ = o—ik@m/N)(m—Ny) — _ ,jk(2m/N)N; z o—ik(@m/N)m
N m=0 N m=0
( 2N; +1
,k=0,£N,+2N, ...

={ . .
1 2km(N, +1/2)/N
sinl 7( 1+ 1/2)/ ],k;tO,iN,iZN,...
N sin(km/N) a, (2N, +1=5N = 20)

-g'-4 0 4l >0 K



Fourier series representation of D-T |

Linear combination of harmonically related co.
L Approximate a discrete square by X[n]

M
X[n] = z a, e/k@m/N)n
k=—M ~18

(2N, +1

,k=0,£N,£2N, ...

With Ay = < n[2kn(N,{+1/2)/N]

1 else
N sin(km/N) ’

-18

d For M=4, X[n] = x|n]

1 No convergence issues for the
discrete-time Fourier series!

-18

2N;+1=5N=9

(b)

X[n]

()

Rl

(d)

18

M=3

18

M=4

18



Fourier Series Representation of Periodic
signals (ch.3)

] Properties of discrete FS



x|n| ii A y[n] «—

d Multiplication

x|n]y|n] (:7;15;)

[ First difference

x[n] —x[n—-1 <—>(1 — e‘fk(Z”/N))ag

onjugate Symmetry for

[ Parseval’s relation

1
=) Jx[n]l? =

[=(N)

Property

Periodic Signal

Fourier Series Coefficients

a;by_;
[=(N)

|ak|2
[=(N)

x[n] ] Periodic with period N and
yln] J fundamental frequency wy = 27/N

a } Periodic with
by ) period N

Linearity

Time Shifting
Frequency Shifting
Conjugation

Time Reversal

Time Scaling

Periodic Convolution

Multiplication
First Difference

Running Sum

Real Signals

Real and Even Signals

Real and Odd Signals

Even-Odd Decomposition

of Real Signals

Ax[n] + By[n]

x[n — g
e;MQﬂ.I’N]nx[n]

x"[n]

x[—n]

Fmln] = [ 0, if n is not a multiple of m
(periodic with period mN)

> alrlyln -]

x[n/m], if nis a multiple of m

r={N}

x[n]y[n]

x[n] — x[n—1]

i K] Cinite valued and periodic only)
J—— if ayg = 0

x[n] real

x[n] real and even

x[n] real and odd

{ x.[n] = &{x[n]} [x[n]real]
x,[n] = Od{x[n]} [x[n]real]

Aa, + Bb;
ake_jhzﬂ'f.”']ﬂ"

ak-Mm
a
ay
1 (viewed as periodic
m (with period mN )

Nﬂkbk

z arbi_

I={N}
(1 _ e—jfdzﬂﬂ\'})ak

1
((] — e—jk(zmm))a"'

(ay = a',

Rela} = Rela )
{Imiay = —9mia_}
a] = a4

| Lar = —<a-,

ay real and even

ay. purely imaginary and odd
Refa,}

JjImiai}

Parseval’s Relation for Periodic Signals

.~ Z Ix(nl? = > laif

n=i{N} k={(N}




Properties of discrete-time FS

J Examples x[n] = x{[n] + x,[n] .
Q x4[n] is a square wave with N = 5 and = H, ‘ L ‘ l I L] ‘ ! ]
Nl — 1
r | ..
[ 2N1N+1,k=i1v,i21v,... g k = +5,410,.. —— LI, ] l L. 1 IH—n
by = 3 1 sinl2kn(Ny +1/2)/N] = 11 sin(3k/5) (?’
W sinGr/W (S sinGen/SY
3 For x,[n] , “ |
§, k = +5,+10, ...
_ )1,k =%N,%2N,.. ca=bo =12
Ck = 0, else + Ak kT Ck 1sin(3km/5) |
5 sin(km/5) - o0 gy



Properties of discrete-time FS

J Examples [
Suppose we are given the following facts about a sequence x[n]: 5 1
6
r[n] is periodic with period N = 6. s l .I ‘ T ] T oo
—f.u 0 X[H] = 2. -2 -1 0 1 2 3 n

—r,!

1.
2.
3.3, 5 (=1)x[n] =
4. x[n] has the minimum power per period among the set of signals satisfying the preceding three conditions.

1 Solution
1 .
* Th—ox[n] =2 = ag =X,y x[n]e” 0@/ = 1/3,
* Y2 (=DMx[n] =1= Zn=(N)x[n]e_j3(2n/N)n =1=a3=1/6

* from4,a, =a, =a, =as =0

o - x[n] — aoe—jO(ZR/N)n + age—jB(Zn/N)n _1 + le—jnn _ % + l(_l)n .



Fourier Series Representation of Periodic
signals (ch.3)

JFourier series and LTI systems



Fourier series and LTI systems

J Recall ) . o
oSt —— 1 TI I H(S)@St H(s) =j h(t)e "tdt
" LTI -~ H[z]z" H[z] = z hik]z~*
\ J k=—o0

1 System functions: H(s) and H|z]
- For periodic signal, CT Fourier Series (Ch3)

: t wt
t/ s pure imagery e>" = e/ —_ aperiodic signal, CT Fourier Transform (Ch4)
S

€ T~ complex number eS¢ Laplase Transform (Ch9)

_ n ion—" For periodic signal, DT Fourier Series (Ch3)
/ Z pureimagery z=- = €-" ™ For aperiodic signal, DT Fourier Transform (Ch5)

Z-Transform (Ch10) 57

n
Z
2 complex number z"



Fourier series and LTI systems

[ Frequency response for CT system: H(jw)

H(s) = fooh(r)e‘”dr g H(w) = jooh(r)e‘j“”dr

eja)t__.[ 1. TI }— H(]-w)ejwt

x(t) = z akejkwot_a[ LTI }— y(t) — Z akH(jka)O)ejk“)Ot
g:gi k—oo T(Si k—oo
o by = aiH(jkw,) %

58



Fourier series and LTI systems

d Frequency response for CT system: example

o3 ; . . 1 . 1 . 1,
x(t) =Yr__sapel®™ (ag =1, ay = a_; = 5 Az =0a5=7,a3=ad_3=73)is

the input of a LTI system with h(t) = e~u(t), determine y(t)

] Solution o _ .
y(O) = ) aH(koemt  HG) =S | emreiorar =
k=—o0
1 1 1 11

1

1—jé6r
59

b1
27

. 1



Fourier series and LTI systems

J Frequency response DT system: H(ej“))

H|z| = z hlk]z™ = H(e/®) = z h[n]e~j@n

ejam __,[ I TI I__ H(eja))ejam

x|n| = z akejk(Zn/N)n [ y[n] = 2 akH(ejk(Zn/N))ejk(Zn/N)n
— LTI J——-

k=(N) k=(N)

bk — akH(ejk(Zn/N)) 0



Fourier series and LTI systems

d Frequency response DT system: example

h[n] = a™u[n], |a| < 1
2 N
xln] = cos S _ﬁ[ L11 y[n]?
] Solution
x|n| = lej(Zn/N)n + le—j(Zn/N)n
2 2
. = . ® . 1
JwW) — —jon — n,—jon —
H(el®) n-Zooh[n]e ;a ; L

1 1 . 1 1 .
= — j@2m/N)n 4 — —j(2m/N)n
xln] 2 (1 — ae—on/N) € + 2 (1 _ aejZn/N) € .



