The z-Transform
(ch.10)

1 The z-transform
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Recall

1 The response of LTI systems to complex exponentials z"
y[n] = H(z)z"

H(z) = Ef_ hln]z"

Definition




The z-transform

Z-transform vs Fourier transform
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The z-transform

Examples
x|n] = a™u|n] X(z) =7
Solution
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The z-transform

Examples
x|n] = —a™u[—n — 1] X(z) =2
Solution
+00
X(Z) - 2n=_ooanu[_n B 1]Z_n Unit Circle
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The z-transform

Examples
1\" 1\"
x|n] = 7(§> uln] _6(E> u[n] X(z) =7
Solution -
(1)n ] < 2> —— 2] >
— 1] uln Z| > =
3 1_%2_1 3
(1)n ] <2 —— 2] >
— 1 uln Z| > —
2 1_%2—1 2
1\" 1\" Z 7 6 1
7= uln]—6(=| u|n] < > 1 — 1 |z| > =
3 2 1—§Z_1 1—22_1 2



The z-transform

Examples

x|n] = (%) sin (%n)u[n] =2lj

Solution

X(2) = z1-:0—00 {2_1]
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The z-Transform
(ch.10)

J The region of convergence for the z-transforms



The region of convergence for z-transforms

Properties
dm
(d The ROC of X(z) consists of a ring in the z-plane
A \ z-plane
centered about the origin. ST
ROC of X(2): x[n]r™™ converges (absolutely summable) t — Re
+oo ‘\\ \_\_‘- -'t'_, -/
z lx[n]|r ™" < o .|
n=—oo IR Y

J The ROC does not contain any poles.
X(z) is infinite at a pole



The region of convergence for z-transforms

Properties
A If x[n] is of finite duration (x|[n] # 0 for N; < n < N,), then the ROCis
the entire z-plane, except possibly z = 0 and/or z =

f N, <0and N, >0
ROC does notincludez =0o0rz = o

fN; >0,

ROCincludesz = oo, notz =0

fN, <0,

ROCincludes z = 0, not z = oo



The region of convergence for z-transforms

Examples

Z +o0
§[n] «<—— z S[n]z7" =1 ROC = the entire z-plane

n=-—oo

Z too
Sn—1] «—— z S[n—1]z7" =2z"1 ROC=the entire z-plane except z = 0

n=-—oo

+ 00
Sln+ 1] L) z S[n+ 1]z "=z ROC = the entire finite z-plane
n=-e (except z = )

10



The region of convergence for z-transforms

Properties

A If x|n] is a right-sided sequence, and if the circle |z| = i is in the ROC, then
all finite values of z for which |z| > rywill also be in the ROC.

Right-sided signal

!
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Q If x|n] is a left-sided sequence, and if the circle |z| = 1y is in the ROC, then all

finite values of z for which 0 < |z| < rywill also be in the ROC.
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The region of convergence for z-transforms

Properties

A If x[n] is a two-sided sequence, and if the circle |z| = 1 is in the ROC, then
the ROC will consist of a ring in the z-plane that includes the circle |z| = 1.

Im
ROC for right- = =
sided signal . ROC for two-sided signal

r : Re
=

9m
ROC for left- e TR
sided signal % N zplane

'I * : Re
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The region of convergence for z-transforms

Examples
a® 0<n<N-1,a>0
x[n| = - 7 X(z) =7
] {O otherwise (2)
Solution
N-1 N-1 —~1\N N N
1—(az 1 z% —a
X(2) = z az™" = 2 (az= )" = ( ) —
n=0 n=0 1—az™1 zZN=-1 7z —q
The N roots of the numerator polynomial: )
(ﬂ) " z-plane
Zy = Clej N k = O, 1’ ’N —1 (N-1)st order pole Unit circle
P _
When k = 0, the zero cancels the pole at z = a ¥ 1 %o N=16

o
(2TTk © X ‘
st { ' Re
Zk:aej(N), kzl,,N—l & 095 a
O-¢-O
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x[n]= b!"

Examples o
x[n]=b",b>0 X(2)=? i

L
0<b<1 fu'

- L e oy ﬂlﬂll”l” |

x[n] = b™u|n] + b™"™u[—n — 1]

bnu :n] (L) 1 |Z| > b f’.g:n_?L\Jnitcircle

VA —1 1
b ™ul—n — 1] «<—— -
ul—n | 1= p-1,-1 |z] <b

For convergence, b < 1

1 1
1—bz71 1—-p1z71

1
b <|z| <-—

X(z) = - )




The region of convergence for z-transforms

Properties

d If the z-transform X (z) of x|n] is rational, then its ROC is bounded by poles
or extends to infinity.

 If the z-transform X (z) of x|n] is rational, then if x[n] is right-sided, the ROC
is the region in the z-plane outside the outer-most pole.
If x[n] is causal, the ROC also includes z = oo.

A If the z-transform X (z) of x|n] is rational, then if x[n] is left-sided, the ROC is
the region in the z-plane inside the inner-most nonzero pole.
If x[n] is anti-causal, the ROC also includes z = 0.
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ROC?

I9m

Unit circle

\< z-plane
5 RN

:j Re

Right-sided sequence Left-sided sequence

Has no FT Has no FT

Two-sided sequence

FT converges
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The z-Transform
(ch.10)

. The inverse z-transform



The inverse z-transform

X(re/?) = F{x[n]r ™}

. 1 . .
x[n]r ™ = FYX(re/?)} = —f X(re/?)e/*"dw
2T 2T

x|n] = r“i X(ref“))ej“mdw = i X(ref“’)(ref“’)nda)
2T )y

zZ = rej‘”_
T T dz = jre/“dw = jzdw
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The inverse z-transform

Examples
3 —%Z_l 1
X(Z) = 1 1 ) |Z| > § X[Tl] =?
(1-3771)(1-327)
Solution
X(z) - + -
7) =
1— %Z_l 1 —%Z_l
x|n] = x;[n] + x;([n]
Z 1 1
x1[n] «<—— 1 1z| > — n n
1—5z71 4 1
4 - = x|n] = (—) uln] + 2 (—) un]
Z 2 1 4 3
xz[n] <——

1 4 3
1—§Z 19



The inverse z-transform

Examples
3 —%Z_l 1 1
X(z) = ) —-<|z| <= x|n] =7
(1 _ 12—1) (1 _ 12—1) 4 3
4 3
Solution
X(z) - + -
7) =
1— %Z_l 1 —%Z_l
x[n] = x1[n] + x;[n]
aln] <2 —— sl
! o1 M7y 1\" 1\"
4 - = x|n]=|-=| uln]—2|=] ul-n-—1]
Z 2 1 4 3
xy|n] «<——




The inverse z-transform

Examples
3—%2‘1 1 ] =7
— — Xin| =
X(2) (P Yo vy 2] <5
4 3
Solution
X(2) - + -
7) =
| |
1_ZZ 1—§Z
x[n] = x;[n] + x;[n]
alnl <2 ——— <t
1 z| < -
1—%2‘1 4>:> 1\" ’ 21n[ 1
. X . x|n] = — 7 ul-n—-1] - 7] ul-n
xz[n] <—— |Iz| < = -



The inverse z-transform

Examples
X(2) =4z°+2+3z71, 0<|z| < oo x[n] =7

Solution 1 Solution 2
(4, n=-2 ,
_)2 n=0 S[n+ny] «——> z™o
x[n] — < 3, n = 1 0
kO, otherwise

x[n] = 48[n + 2] + 28[n] + 38[n — 1] x[n] = 46[n + 2] + 26[n] + 36[n — 1]
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The inverse z-transform

Examples
1
X(z) = , x|n] =?
(2) 1—az™1
Solution b azr' + et
If |Z| > |Cl|, l1—az 'J1
1 _ -1 4 42,-2 1= az”
1—az‘1_1+az +a“z7° + - —az T
-1 _ . 2_-2
x[n] = a™u[n] —
az
If |z| < |al,
1 —a'z—a?? -
— = —a lz—a2%z% + ... —az ' +1) 1
1—az 1— a'z
x|n] = —a™u[—-n — 1] 2z
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The inverse z-transform

Examples
X(z) =log(1+az™1), 1z| > |a x[n] =7

Solution
0 (_1)n+1vn

log(1+v) = z , lv| <1
n=1 n

0 n<o

= — (_Z)n uln — 1]

x[n] = {(—1)”+1a”/n n>1
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The z-Transform
(ch.10)

J Geometric evaluation of the Fourier transform from the pole-zero plot



Geometry evaluation of the Fourier transform from the pole-zero plot

First-order systems

Consider hln] = a™u|n]

Z
HE) =———=——, lz>la
— az Z — .
[H(e)|
jwY) — 1 |
H(e ) - 1 — ae—jw ;:(i) 20

Unit circle

’
\ /’\ ' _J 10 A
V4 » m w
v, \ .- a=095
02 X

|Cl| < 1 —7/2 -7 0 ™




The z-Transform
(ch.10)

1 Properties of the z-transform



Properties of the z-transform

Linearity

un] <2— X,(z) ROC=RI

= Eaxl In]+bx,[n] PIEAIN aX,(z) + sz(Z)E
xa[n] « S X2(z) ROC = R2 E with ROC containing R;NR, E
Time shifting
x[n] «<Z— X(z) ROC=R
______ .
4 I

x[n —ny] «<—> z7™X(z) ROC = R except for the possible addition:
or deletion of the origin or infinity |

28



Properties of the z-transform

Scaling in the z-domain

20x[n] <2 X(z/z)

U ZO - ejwo

Z

el@Wonlyx[n] «—> X(e‘j“’OZ) ROC =R

Multiplication by e/®o™

ROC = |zy|R

< Rotation by w, In the Z-plane

Unit circle z-plane

29



Properties of the z-transform

Time reversal

x[n] PN X(z) ROC=R

y Z 1 1
x[-n]<—— X (E) ROC =~

Time expansion

n] = x[n/k] ifnisamultiple of k
F =1 0 if n is not a multiple of k
+ oo
Z X(z) = Z x[n]z™"
x[n] «— X(z) ROC=R n=—o

l l

x(k)[n]<i> X(z*)  ROC = RV/k x(z*) =z+°° x[n]z—kn
n



Properties of the z-transform

Conjugation

x[n] PN X(z) ROC=R

U
z

x*[n] «<—— X*(z%) ROC =R

Convolution

x1 [Tl] (L) X]_(Z) ROC —_ R1

= yl il <2 X (@)X, )

Z
xp[n] «<—— X,(z) ROC=R, with ROC contains R;NR,

31



Properties of the z-transform

First-difference

x|n] PR X(z) ROC=R

x[n] — x[n — 1] <i> (1-2z"DX(2) ROC =R, possibl.e.deletion of
z = 0 and/or additionof z = 1

Accumulation
2
x[n] «<— X(z) ROC=R
n 1 .
win| = z x[k] <i) ___X(2) ROC contains R N{|z| > 1}
k=—00 (1-2z71)

32



Properties of the z-transform

Differentiation in the z-domain

x|n] <i> X(z) ROC=R

U
Z dX(z)

«—> - ROC =R
nx|[n] z—

33



Properties of the z-transform

Examples
X(2) =log(1+az™1) |z| > |a] x[n] =?
SOlUtIOn dX(Z) aZ_l
274z 1+az! lz] > |al
Z a
a(-a)'uln] <> —— || >la
P4 az~1
—_\n—1 _
aC-ayuln—1] «Z> s > |al
I
dX(z)
nafn] <2 —z——— |z >al
Z
—q)"
x[n] = —( ) uln — 1]

n

34



Properties of the z-transform

Examples
~1
az
X(z) = 1 ar-1)2 || > |al x[n] =7
Solution
az”t d 1 10> lal
(1—az 1)z “az\1—az 1)~ .
auln] <i> 1 |1z| > |al
1—az"1
~1
az
na™uln] < =4 1z| > |al

>
(1 —az 1)z

35



Properties of the z-transform

The initial-value theorem

If

x|n] =0 forn <0,
Then,

x[0] = lim X(z)

Z—00

1 Examples

X(z) = z:;)x[n]z‘"

Forn>0,z—>0 = z7 ">

Forn=0,z"" =
x[0] =1
lim X(z) =1

Z— 00

36



Summary

Properties of the z-transform

If x[n] = O for n < 0, then
x[0] = lim X(2)

Section Property Signal z-Transform ROC
x[n] X(2) R
xi[n] Xi(2) R,
xa[n] Xa(z) R
10.5.1 Linearity ax[n] + bxs[n] aX,(z) + bX>(2) At least the intersection of R, and R,
10.5.2 Time shifting x[n = np) z7"X(z) R, except for the possible addition or
deletion of the origin
10.5.3 Scaling in the z-domain el x[n] X(e i#vz) R
zgx[n) X (T.) 2R
a’x[n] X(a'2) Scaled version of R (i.e., [a|R = the
set of points {|ajz} for z in R)
10.5.4 Time reversal x[—n] X(iz™" Inverted R (i.e., R~ = the set of
points z~!, where z is in R)
105.5 Ti ) _ { x[r], n=rk : . Uk o . Vi
5. me expansion Xioln] for some integer r X(Z") RY* (i.e., the set of points z""*, where
0, n#rk zisin R)
10.5.6 Conjugation x*[n] X*(z%) R
10.5.7 Convolution x[n] * x2[n] X1 (2)X2(2) At least the intersection of R, and R,
10.5.7 First difference x[n] — x[n — 1] (1 -z "X(2) At least the intersection of R and
lz/ >0
10.5.7 Accumulation > e x[K] 7 _lz-1 X At least the intersection of R and
|z| >1
105.8 Differentiation nx[n] —zd);EZ) R
in the z-domain
10.5.9 Initial Value Theorem

37



The z-Transform
(ch.10)

(1 Some common z-transform pairs



Some z-transform pairs

Signal Transform ROC
1. 8[n] 1 Allz
1
2. u[n] e 2| > 1
1
3. —ul—n— 1] . g <1
l -z
4. 6[n — m] z " All z, except
0@t m>0)or
. 1
5. a"u[n] 1_—6124 kzl = |a|
6. —a"u[—n—1] L |2l < |a|
S 1 —az! ¢
n azﬁl
7. na"uln) d—az ) |z > ||
az”!
— n e — o <
8. —na"ul—n—1] T=az 1) |z} < |af
1 — [coswo]z™!
_ >
9. [cos won]u[n] ooseddz T2 |z > 1
. [sinwg]z™
_ >
10. [sinwon]uln] [ Beoswglz T 522 |2l > 1
. 1 — [rcoswe]z !
' >
1. [r"coswonluln]  1— R B |z > r
. -1
12. [r" sinwonluln] Lrsinwolz 2| > r

1 — [2rcoswyl]z™! + riz

-2

39



The z-Transform
(ch.10)

1 Analysis and characterization of LTI systems using z-transforms



Analysis and characterization of LTl systems using the z-transform

Causality

Causal < ROC of H(z) is the exterior of a circle, including infinity

A system with rational <
H(z) is causal

ROC is the exterior of a circle outside the outermost pole;
With H(z) expressed as a ratio of polynomials in z, the
order of the numerator cannot be greater than the order

of the denominator.

41



Analysis and characterization of LTl systems using the z-transform

Examples ...
173 — 2z + z
H(z) === Noncausal
PP
25T 7 3
1 1
Examples H(z) = N _ 2> 2
Solution 1
|z| > 2: ROC is the exterior of a circle outside the outermost pole.
_ 2 _ 2
H(z) = 1 B
(1 _ 72-1) (1-2z71) z2-3z+1

Solution 2
hin] =1(1/2)" + 2"|uln] = h[n]=0forn<0 = Causal

42



Analysis and characterization of LTl systems using the z-transform

Stability
For an LTI system,
Stable < The ROC of H(z) includes the unit circle, |z| = 1

J Examples ROC Causal Stable
1 __________________________________
H(z) = 1 _1+1_ZZ—1 |1z| > 2 Yes No
1 _ZZ
1/2 < |z| <2 No Yes

|Iz| < 1/2 No No

43



Analysis and characterization of LTl systems using the z-transform

Stability

For a causal LTI system with rational system function H(z),

Stable < All of the poles of H(z) lie inside the unit circle. (magnitude smaller than 1)

(1 Examples (causal LTI)

H(z) = 1 isstable = la| < 1
1—az™1
1 Examples (causal LTI)
1
H(z) = 1—(2rcosB)z 1+ 1r2z72 Tl Unkt circl ' >1 T ot orce

z-plane ' . TR ~ z-plane

Poles: z, =rel® z,=re /"

R
J /,’*| . fl
k‘-.

e
> ary
=)
&

Stable = r<1

i & X ‘E:‘:‘.:::;:::; 4 44




Analysis and characterization of LTl systems using the z-transform

LTI systems characterized by linear constant-coefficient difference equations

(J Examples
1 1
yln] — 5 yln — 1] = x[n] + 3 2 — 1]
Y(z) — %Z_1Y(Z) =X(z) + %Z_1X(Z)
_1+%Z_1_
Y(z) = X(2) T
-1
1_§Z n n—1
1 a1 (A>3 hlnl=(5) unl4z(5)  un-1l
v(2) 1+%Z_1 |Z|>2 n]=|5| ulnl+3|5
H(z) = = — <

X2 |, _1 _; " o
S A - Iz|<1 h[n]=—<%) u[—n—l]—lG) u[-n]



Analysis and characterization of LTl systems using the z-transform

LTI systems characterized by linear constant-coefficient difference equations

 In general
N M
> ayln—kl =) bexln - k]
k=0 k=0
N M
Y(2) z a2 F = X(s) 2 b,z
k=0 k=0
M -k
H(z) = ﬁg =0 Zkz_k
k=0 %k

- Poles at the solution of apz =0
k=0

M
~ Zeros at the solution of Z bz =0
k=0 46



Analysis and characterization of LTl systems using the z-transform

Examples relating system behavior to the system function

Given the following information about an LTI system, H(z) =? h[n] =?
n 1\" 1\"

e Ifxy[n] = (1/6)"u[n], then y;|n] = [a (E) + 10 (g) ]u[n]

+ Ifxy[n] = (=17, then y,[n] = (=D)"

Solution . .
X:1(z) = ; —%z‘lJZl >g
- a 10 (a+10)—(5+%)z‘1 1
R e e T
H(z) = (z) [(a + 10) — (5 + %) z‘1] (1 — %z‘l)

47
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Analysis and characterization of LTl systems using the z-transform

Examples relating system behavior to the system function

Solution continue

! HCD) i 9
L H(—1) = @=_
! (2)3)
b - (1-2z)(1- 27"
P Y
(1-277)(1-377)

ROC of X;(2): || >% — ROCof H(z): |z] >%

48



Analysis and characterization of LTl systems using the z-transform

Examples relating system behavior to the system function

Consider a stable and causal system with impulse response h[n] and rational system

function H(z), which contains a pole at z = 1/2 and a zero somewhere on the unit
circle.

d F{(1/2)"*h[n]} converges. True
d H(e/?) =0forsomew True

O h[n] has finite duration ~ False

A h|n]isreal Insufficient information

d g[n] = n[h[n] * h[n]] is the impulse response of a stable system  True

49



The z-Transform
(ch.10)

1 System function algebra and block diagram representations



System function algebra and block diagram representations

System functions for interconnections of LTI systems

+ e[n]
x(n] iy > y[ri

Hy(2) | e—
h,[n]

51



System function algebra and block diagram representations

Block diagram representations for causal LTI systems

H(z) =

1 —1 x[n] _>@ l > y[n]

yin] — 3 yn — 1] = x[n]

1
)

W[n] = y[n - 1] Or equivalently

x[n] ——:-@ - Yy[N]

52



System function algebra and block diagram representations

Examples: block diagram representations for causal LTI systems

H(z) = l—fz‘l =< 1 )(1—22—1)

L | — — -1
1 12 1 712

n|=vn|-2vin-1{(
y[ ] [ ] [ ] [ . :® v[n]EE :Q -yl

w(n] = s[n| = v[n — 1] i | Sl T

! T, W[n]': sl [ I

Or equivalently

x[n] ~(+) >(+) > yIn]

NN

53




System function algebra and block diagram representations

Examples: block diagram representations for causal LTI systems
1 1 1 2/3 1/3
z) = 141,11 N (1_|_1 —1) (1_1 —1) B (1_|_i —1) +(1_i —1)
72 5Z 5Z 72 > Z 72
1 1
yln] + ZY[Tl — 1] - g)’[n — 2] = x[n]
_ 1 1 1 5 Direct form
y[n]—_z [Tl— ]+§y[n_ ]-l-X[Tl] fln] = y[n —1]
e[n] = fln—1] = y[n]
Parallel form [] ol
N %___® x[n + - V[N
Cascade form ‘ j l 31
x[n] + T >(+) J, >y x[n] — __% < (f—y[n] _% S
z! z! — % T +
T = [ el




System function algebra and block diagram representations

Examples: block diagram representations for causal LTI systems

1—%2_1—52‘2 1 7 1
H(Z) 1 ) 1 ) — 1 ) 1 2(1—12_1—§Z_2)
1+ZZ —§Z 1+ZZ —§Z
x[n] »( + [n]
© T Y

O
!
i
|
-
ﬂ@
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The z-Transform
(ch.10)

1 The unilateral z-transform



The unilateral Laplace transform

x[n] <> X(2) = UL{x[n]}

X(z) & Z:_Ox[n]z_"

Examples

x|n] = a™u|n]

)x[n] =0,forn<0

X(z) =

——— |zl >l

57



The unilateral Laplace transform

Examples

x[n] = attu[n + 1]

X(z) =

——, |zl > al -
Not equal

(x[=1] # 0)

* a
X@ =) aMzm=—— 2> -
n=0 — az

58



The unilateral Laplace transform

Examples
5 1
3 _EZ
MEREE
4 3
Solution
) = L 2
@W=""1 v 71,
47 37
x[n] = x;[n] + x;[n]
Z 1 1
xl[n] < 1 |1z| > —
1—5z1 4
4
Z 2 1
xz[n] <—— 1 |z| > =
1 —§Z_1 3

x|n] =?
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The unilateral Laplace transform

Properties of the unilateral Laplace transform

Property Signal Unilateral z-Transform
— x[n] X(2)
— xi[n] Xi(2)
— x2[n] Xs(2)
_Limearity  ____ ______ axilml tbxlnl | _ a¥(2) +6%x(2)
| Time delay xn— 1] 2 '%(2) + x[-1] |
L Time advance x[n + 1] zX(2) — zx[0] :
Scaling in the z-domain e’ x[n) X(e Jwoz)
zpx[n] XA(2/z0)
a'x[n) A(a'7)
T ) (] {x[m], n = mk ()
ime expansion xi[n] =
P ¢ 0, n# mk foranym ¢ _
Conjugation x*[n] X (")
:Convolution (assuming x([n] * x5[n] Xi(2)As(2) I
I that x,[n] and x»[n] :
| _are identically zero for_ _ _ e e I
I_.L1_<_0.). ____________________________________________ '
LFirst difference x[n] — x[n — 1] (1 —z7HX(2) — x[—l_!
. = 1
Accumulation g{; x[k] = X(2)
Differentiation in the nx[n] zd&;{:(z)
z-domain z

Initial Value Theorem
x{0] = lim X(z) 60




The unilateral Laplace transform

Convolution Examples

A causal LTI system, initial rest condition

y[n] + 3y[n — 1] = x[n] x[n] = au[n] y[n] =2
Solution
1
Hiz) = 1+3z71
Y@2) =H(@2)X(2) = a _ B/ A/Da

(1+3z7H)(1-2z"1) 143z71 1-z1

vl =a [+ (3) 27|t
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The unilateral Laplace transform

Shifting property

xn—2] <X252-2x(2) + z-1x[=1] + x[—2]

Consider y|n] = x|n — 1]:

Y(z) = z:)_ox[n —1]z7"

= x[—1] + 200_ xln—1]z7™"

I
Ral
|
=
+
s 8
o
Rall
S,
N
-~
3
+
Z



The unilateral Laplace transform

Solving differential equations using the unilateral z-transform

yln] + 3y[n — 1] = x|n] x[n] = auln] ylI=1]=p8
yln] =7
Solution
Y + 34 + 379 = —
N N ;

Y@ = L1+ 310 (1+3z7)1 -2z !

20N gero state response.

response

Ifa=8,8=1,y[n] =[3(—3)"+ 2]u[n], forn =0
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